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 /Q+iQ`H i?2bBb bm#KBii2/ iQ
hQ?QFm lMBp2`bBiv
PM AM/2+QKTQb#H2 .2+QKTQbBiBQMb Q7 S2`bBbi2M+2
JQ/mH2b QM *QKKmiiBp2 G//2`b Q7 6BMBi2 hvT2




hQTQHQ;B+H /i MHvbBb ?b #22M /2p2HQT2/ b  iQQH Q7 /i MHvbBb r?B+? +M [mM@
iBiiBp2Hv +Tim`2 iQTQHQ;B+H b?T2b Q7 ;2QK2i`B+ /i U2X;X iQTQHQ;B+H bT+2b- TQBMi
+HQm/bVX  +2Mi`H `QH2 BM iQTQHQ;B+H /i MHvbBb Bb THv2/ #v T2`bBbi2Mi ?QKQHQ;v
;`QmTb- r?B+? `2 b2[m2M+2b Q7 HBM2` KTb #2ir22M ?QKQHQ;v ;`QmTb rBi?  }2H/ +Q27@
}+B2Mi KX "v 7Q`KmHiBM; i?2 T2`bBbi2Mi ?QKQHQ;v ;`QmTb b `2T`2b2MiiBQMb Q7 [mBp2`b-
i?2 +QM+2Ti Q7 T2`bBbi2Mi ?QKQHQ;v ;`QmTb ?b #22M 2ti2M/2/ iQ ;2M2`H T2`bBbi2M+2
KQ/mH2bX h?Bb 2ti2MbBQM ?b 2M#H2/ iQ +Tim`2 iQTQHQ;B+H 72im`2b Q7 ;2QK2i`B+ /i
r?B+? i?2 +QMp2MiBQMH +QM+2Ti Q7 T2`bBbi2Mi ?QKQHQ;v +MMQi /2H rBi?X
M 2tKTH2 Q7 i?2 2ti2MbBQM Bb T2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2 H//2`b- r?B+?
+M bBKmHiM2QmbHv +Tim`2 +QKKQM iQTQHQ;B+H b?T2b M/ i?2B` `Q#mbiM2bb Q7 iBK2 b2@
`B2b ;2QK2i`B+ /iX AM ;2M2`H- r?2M r2 +QMbB/2` `2H /i MHvbBb mbBM; T2`bBbi2M+2
KQ/mH2b- Bi Bb `QmiBM2 iQ /2+QKTQb2 i?2 T2`bBbi2M+2 KQ/mH2b M/ 2ti`+i i?2 ;2M2`iQ`b
Q7 ?QKQHQ;v ;`QmTbX  ;2M2`H /2+QKTQbBiBQM H;Q`Bi?K mbBM; B/2KTQi2Mib BM i?2 2M@
/QKQ`T?BbK `BM;b Q7 i?2 T2`bBbi2M+2 KQ/mH2b Bb FMQrMX q?BH2 i?Bb H;Q`Bi?K +M /2H
rBi? `#Bi``v ivT2b Q7 T2`bBbi2M+2 KQ/mH2b- i?2 +QKTmiiBQMH +QKTH2tBiv Bb iQQ ?B;?
7Q` i?2 TTHB+iBQMbX
AM Q`/2` iQ //`2bb i?Bb Bbbm2- r2 T`QpB/2 +QKTmiiBQMHHv HB;?i2` /2+QKTQbBiBQM H@
;Q`Bi?Kb bT2+BHBx2/ 7Q` i?2 T2`bBbi2M+2 KQ/mH2b QM i?2 +QKKmiiBp2 H//2`bX 1p2`v
T2`bBbi2M+2 KQ/mH2 QM  +QKKmiiBp2 H//2` +M #2 r`Bii2M BM #HQ+F Ki`Bt 7Q`K #v `2@
;`/BM; Bi b  KQ`T?BbK #2ir22M `2T`2b2MiiBQMb Q7 M An ivT2 [mBp2`X Pm` H;Q`Bi?K
i`Mb7Q`Kb i?2 #HQ+F Ki`Bt iQ  MQ`KH 7Q`K #v mbBM; BbQKQ`T?B+ i`Mb7Q`KiBQMbX q2
T`Qp2 i?i i?2 T`Q+2/m`2 Q7 i`Mb7Q`KiBQMb iQ i?2 MQ`KH 7Q`K Bb 2[mBpH2Mi iQ i?2
BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 QM i?2 +QKKmiiBp2 H//2`X
b MQi?2` 2tKTH2 Q7 T2`bBbi2M+2 KQ/mH2b pBH#H2 7Q` iBK2 b2`B2b ;2QK2i`B+ /i-
r2 +QMbB/2` T2`bBbi2Mi ?QKQHQ;v Q7 bKTH2/ KTbX  bKTH2/ KT Bb  `2bi`B+iBQM Q7
 +QMiBMmQmb KT iQ  }MBi2 bm#b2iX h?Bb +M #2 b22M b  KT #2ir22M TQBMi +HQm/b-
BM Qi?2` rQ`/b-  KQp2K2Mi Q7 TQBMi +HQm/bX 6`QK i?Bb bKTH2/ KT- r2 +M ;2M2`i2
 }Hi`iBQM Q7 bBKTHB+BH KTbX TTHvBM;  ?QKQHQ;v 7mM+iQ` iQ i?Bb }Hi`iBQM vB2H/b
i?2 }Hi`iBQM Q7 ?QKQHQ;v BM/m+2/ KTb- r?B+? +M +Tim`2 `Q#mbi iQTQHQ;B+H b?T2b
Q7 i?2 +QMiBMmQmb KTX h?2 #HQ+F Ki`Bt 7Q`K K2MiBQM2/ #Qp2 2M#H2b iQ /2}M2 i?2
T2`bBbi2Mi ?QKQHQ;v Q7 i?2 }Hi`iBQM Q7 ?QKQHQ;v BM/m+2/ KTbX JQ`2Qp2`- i?Bb K2i?Q/
;2M2`iBM; i?2 T2`bBbi2Mi ?QKQHQ;v +M #2 miBHBx2/ iQ MHvx2 k@. T2`bBbi2M+2 KQ/mH2bX
q2 +M T`Qp2  bi#BHBiv i?2Q`2K- i?i Bb- R@GBTb+?Bix +QMiBMmBiv Q7 i?2 T2`bBbi2Mi
?QKQHQ;v iQ i?2 bKTH2/ KTX h?MFb iQ i?Bb bi#BHBiv i?2Q`2K- 2``Q`b Q7 QmiTmi Ui?2
T2`bBbi2Mi ?QKQHQ;vV `2 #QmM/2/ #v 2``Q`b Q7 BMTmi Ui?2 bKTH2/ KTVX
*QMi2Mib
RX AMi`Q/m+iBQM R
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b X X X X X X X X X X X X X X X j
RXkX hQTQHQ;v Q7 aKTH2/ JTb X X X X X X X X X X X X X X X X X X X X X X X X X e
kX S`2HBKBM`B2b Ry
kXRX LQiBQMb BM _2T`2b2MiiBQM h?2Q`v Q7 ZmBp2`b X X X X X X X X X X X X X X X X Ry
kXRXRX ZmBp2`b M/ _2T`2b2MiiBQMb X X X X X X X X X X X X X X X X X X X X X Ry
kXRXkX "QmM/ ZmBp2`b X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR
kXkX LQiBQMb BM hQTQHQ;B+H .i MHvbBb X X X X X X X X X X X X X X X X X X X X Rk
kXkXRX aBKTHB+BH *QKTH2t2b 7Q` SQBMi *HQm/b X X X X X X X X X X X X X X X Rk
kXkXkX S2`bBbi2Mi >QKQHQ;v- S2`bBbi2M+2 .B;`Kb- M/ S2`bBbi2M+2 JQ/@
mH2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj
kXkXjX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b X X X X X X X X X X X R9
kXjX ``Qr *i2;Q`B2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Re
jX Ji`Bt J2i?Q/ 7Q` S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b Q7 6B@
MBi2 hvT2 Rd
jXRX Ji`Bt LQiiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd
jXRXRX 6`QK _2T`2b2MiiBQMb iQ ``Qrb X X X X X X X X X X X X X X X X X X Rd
jXRXkX 6`QK ``Qrb iQ Ji`Bt 6Q`K X X X X X X X X X X X X X X X X X X X X R3
jXRXjX S2`KBbbB#H2 PT2`iBQMb X X X X X X X X X X X X X X X X X X X X X X X X ky
jXkX H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk
jXkXRX AMTmi M/ LQiiBQM X X X X X X X X X X X X X X X X X X X X X X X X X X kk
jXkXkX H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kj
jXjX .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y
9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT 9j
9XRX h?2 AM/m+2/ JTb pB ZmBp2` _2T`2b2MiiBQMb X X X X X X X X X X X X X X X 9j
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb X X X X X X X X X X X X X X X X X X X 9e
9XkXRX H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d
9XjX ai#BHBiv MHvbBb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R
9X9X .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89
9X9XRX :`B/ 6BHi`iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89
9X9XkX 6mM+iQ`BHBiv 7Q` Pi?2` AMi2`pHb M/ P`B2MiiBQMb X X X X X X X X X 88
9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib X X X X X X X X X X X X X X X X 83
B
*QMi2Mib
X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb ej
XRX S2`bBbi2M+2 .B;`Kb Q7 :`MmH` S+FBM;b X X X X X X X X X X X X X X X X X ej





AM i?Bb i?2bBb- r2 T`2b2Mi /2+QKTQbBiBQM K2i?Q/b 7Q` #`Q/Hv irQ ivT2b Q7 T2`bBbi2Mi
?QKQHQ;v ;`QmTbX S2`bBbi2Mi ?QKQHQ;v ;`QmTb U##`2pX T2`bBbi2Mi ?QKQHQ;vV- }`bi T`Q@
TQb2/ BM i?2 TT2` (R8)- `2 T`Qi;QMBbib BM i?2 }2H/ Q7 iQTQHQ;B+H /i MHvbBb- r?2`2
r2 MHvx2 `Q#mbi iQTQHQ;B+H bi`m+im`2b U2X;X +QMM2+i2/ +QKTQM2Mib- ?QH2b- +pBiB2b- Q`
?B;?2` /BK2MbBQMH ?QKQHQ;v ;`QmTbV Hi2Mi BM /iX S2`bBbi2Mi ?QKQHQ;v ?b #22M T@
THB2/ iQ  rB/2 `M;2 Q7 /i MHvb2b- 7Q` 2tKTH2- +pBiB2b BM ;`MmH` Ki2`BHb (ke)-
T`Qi2BM +QKT`2bbB#BHBiv (RN)- ?B2``+?B+H `BM; bi`m+im`2b BM KQ`T?Qmb bQHB/ (kk)- M/ bQ
QMX
hQ bi`i- r2 rBHH T`2b2Mi  bKHH 2tKTH2 Q7 iQTQHQ;B+H /i MHvbBb mbBM; T2`bBbi2Mi
?QKQHQ;vX  }MBi2 bm#b2i Q7  1m+HB/2M bT+2 Bb +HH2/  TQBMi +HQm/- r?B+? Bb  ivTB+H
KQ/2H Q7 2tT2`BK2MiH /i- bm+? b iQKB+ +QM};m`iBQMbX
6B;m`2 RXR Bb  bKHH 2tKTH2 Q7 TQBMi +HQm/ P 2K#2//2/ BM i?2 k@/BK2MbBQMH 1m@
+HB/2M bT+2 R2X P`/BM`BHv- 1@/BK2MbBQMH ?QKQHQ;v ;`QmTb `2 mb2/ iQ 2ti`+i ?QH2
P :
6B;m`2 RXRX, h?2 b2i P Q7 i?2 #H+F TQBMib #Qp2 Bb  bKHH 2tKTH2 Q7  TQBMi +HQm/
BM 2@/BK2MbBQMH 1m+HB/2M bT+2X q2 +M Q#b2`p2  ?QH2@HBF2 bi`m+im`2
BHHmbi`i2/ rBi? i?2 `2/ ``QrX h?2 K+?BM2`v Q7 +HbbB+H ?QKQHQ;v +MMQi
`2i`B2p2 bm+? bi`m+im`2 bBM+2 i?2 iQTQHQ;v Q7 P Bb /Bb+`2i2X
bi`m+im`2b BM iQTQHQ;B+H bT+2bX Hi?Qm;? QM2 Mim`H iQTQHQ;v 7Q` bm+?  TQBMi +HQm/
Bb i?2 `2HiBp2 iQTQHQ;v BM/m+2/ #v R2- bBM+2 i?2 `2HiBp2 iQTQHQ;v Bb /Bb+`2i2- r2 +MMQi
2ti`+i i?2 ǳpBbB#H2Ǵ ?QH2 rBi? ?QKQHQ;vX AM iQTQHQ;B+H /i MHvbBb- bm+?  ?QH2 +M
#2 7Q`K2/ BM i?2 7QHHQrBM; rvX











6B;m`2 RXkX,  }Hi`iBQM rBi? i?2 7Qm` iQTQHQ;B+H bT+2b X1- X2- X3- M/ X4X 1+?
iQTQHQ;B+H bT+2 Xi Bb +QMbi`m+i2/ #v 2tTM/BM; i?2 TQBMi +HQm/ P rBi?
/BbFb Q7 `/Bmb riX i p2`v bKHH `/Bmb r1- i?2 ?QKQHQ;v Q7 X1 Bb bK2 b P -
BM T`iB+mH`- MQ ?QH2b 2tBbiX i `/Bmb r2- i?`22 ?QH2b TT2`c QM2 Q7 i?2K
Bb Km+? H`;2` i?M i?2 Qi?2`bX i `/Bmb r3- i?2 irQ bKHH ?QH2b /BbTT2`-







7Q` HH i- r?2`2 B(p; ri) Bb  /BbF Q7 +2Mi2` p M/ `/Bmb riX
h?2 1@/BK2MbBQMH ?QKQHQ;v ;`QmTb H1(Xi) +M 2ti`+i ?QH2b BM i?2 TQBMi +HQm/X
RX h?`22 ?QH2b TT2` BM iQiHX
kX hrQ bKHH ?QH2b `2 #Q`M i r2 M/ /B2 i r3X
jX PM2 H`;2 ?QH2 Bb #Q`M i r2- biBHH bm`pBp2b i r3- M/ /B2b i r4X
h?2 `Q#mbiM2bb Q7 i?2 ?QH2b +M #2 2tT`2bb2/ #v ǳHB72iBK2bǴ r3−r2 M/ r4−r2 `2bT2+iBp2Hv-
M/ bBM+2 i?2 Hii2` Bb Km+? ;`2i2` i?M i?2 7Q`K2`- r2 +M bii2 i?i i?2 Hii2` UH`;2`V
?QH2 Bb KQ`2 `Q#mbi i?M i?2 bKHH2` ?QH2b r?B+? Kv Dmbi #2  T`Q/m+i Q7 MQBb2X
AM Q`/2` iQ 7Q`KHBx2 i?2 #Qp2 Q#b2`piBQM- r2 +QMbB/2` i?2 b2[m2M+2 Q7 KTb #2ir22M
?QKQHQ;v ;`QmTb
H1(X1)→ H1(X2)→ H1(X3)→ H1(X4),
r?2`2 i?2 KTb `2 BM/m+2/ #v BM+HmbBQMbX am+?  UQM2@rvV b2[m2M+2 Q7 KTb #2ir22M
?QKQHQ;v ;`QmTb
HX1 → HX2 → · · ·→ HXn, URXRV
r?2`2 H := H(−;K) Bb  ?QKQHQ;v 7mM+iQ` rBi? +Q2{+B2Mi }2H/ K- Bb +HH2/  T2`bBbi2Mi
?QKQHQ;v ;`QmTX
hQ /2H rBi?  T2`bBbi2Mi ?QKQHQ;v ;`QmT M/ 2ti`+i Bib ;2M2`iQ`b- r2 M22/ bQK2
H;2#`B+ 7`K2rQ`FX h?2 2`HB2bi bm+? rQ`F rb i?2 TT2` (k3)- BM r?B+? i?2 mi?Q`b
7Q`KHBx2/  T2`bBbi2Mi ?QKQHQ;v ;`QmT b  KQ/mH2 Qp2`  ;`/2/ `BM; M/ /2+QKTQb2/
k
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
Bi BMiQ BM/2+QKTQb#H2 bm#KQ/mH2bX "v i?2 /2+QKTQbBiBQM i?2Q`2K (k3- *Q`QHH`v jXR)-
Bi 7QHHQrb i?i 2+? BM/2+QKTQb#H2 bm#KQ/mH2 Bb mMB[m2Hv 2tT`2bb2/ #v  TB` Q7 #B`i?
M/ /2i? pHm2bX
h?2 bm#b2[m2Mi BKTQ`iMi rQ`F Bb i?2 TT2` (8)- r?B+? BMi`Q/m+2/ `2T`2b2MiiBQM
i?2Q`v Q7 [mBp2`b 7Q` i?2 7Q`KHBxiBQM Q7 T2`bBbi2Mi ?QKQHQ;v- M/ i?Bb Bb i?2 KBM
7`K2rQ`F Q7 i?Bb i?2bBbX  [mBp2` Bb  /B`2+i2/ ;`T?- M/ Bib `2T`2b2MiiBQM Bb  /B;`K
Q7 i?2 b?T2 Q7 i?2 [mBp2`- +QKTQb2/ Q7 p2+iQ` bT+2b M/ HBM2` KTbX AM T`iB+mH`-
i?2 T2`bBbi2Mi ?QKQHQ;v ;`QmT URXRV Bb  `2T`2b2MiiBQM Q7 i?2 QM2@rv [mBp2`
1◦ 2◦ · · · n◦.
h?Bb #bi`+iBQM +M Mim`HHv ;2M2`HBx2 T2`bBbi2Mi ?QKQHQ;v 7Q`  H`;2 b2H2+iBQM Q7
mM/2`HvBM; [mBp2`b- b 2tTHBM2/ BM i?2 7QHHQrBM;X am+? ;2M2`HBx2/ T2`bBbi2Mi ?QKQHQ;v
;`QmTb `2 +HH2/ T2`bBbi2M+2 KQ/mH2bX
h?Bb i?2bBb T`2b2Mib `2bmHib 7Q` irQ iQTB+bX h?2 7QHHQrBM; b2+iBQMb bii2 i?2 `2bmHib
Q7 2`HB2` `2b2`+?- b r2HH b Qm` +QMi`B#miBQMb iQ 2+? iQTB+X Pm` ;mB/BM; [m2biBQM
i?`Qm;?Qmi Bb ǳ>Qr +M r2 +Tim`2 Mv iQTQHQ;B+H BMp`BMi BM  /27Q`KiBQM Q7  TQBMi
+HQm/\ǴX h?2 mi?Q` 7+2/ i?Bb [m2biBQM BM iQTQHQ;B+H MHvbBb Q7 ;`MmH` Ki2`BHb (ke)
b /2KQMbi`i2/ BM TT2M/Bt X
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
G2i mb +QMbB/2` i?2 irQ bBKBH` TQBMi +HQm/b P M/ P ′ BM 6B;m`2 RXjX PM2 +M `2;`/
P : P ′ :
6B;m`2 RXjX, hrQ TQBMi +HQm/b P M/ P ′X h?2b2 `2 HKQbi i?2 bK2- #mi i?2 /Bz2`2M+2
2tBbib BM i?2 mTT2` `B;?i T`iX
i?2b2 b  /27Q`KiBQM 7`QK P iQ P ′X
wB;x; T2`bBbi2M+2 KQ/mH2b (8) 2M#H2 mb iQ HQQF BMiQ iQTQHQ;B+H bBKBH`Biv BM i?2b2
TQBMi +HQm/bX 6BtBM;  `/Bmb r2 b /2}M2/ BM 6B;m`2 RXk- iQTQHQ;B+H bT+2b X2 :=⋃
p∈P B(p; r2) M/ Y2 :=
⋃
p∈P ′ B(p; r2) `2 Q#iBM2/ Ub22 6B;m`2 RX9VX
Hi?Qm;? i?2b2 iQTQHQ;B+H bT+2b Mim`HHv 7Q`K MQ }Hi`iBQM- i?2B` mMBQM +M #2 mb2/
iQ 7Q`K i?2 /B;`K
X2 X2 ∪ Y2 Y2.⊂ ⊃
j
*?Ti2` RX AMi`Q/m+iBQM
X2 : Y2 :
6B;m`2 RX9X, hQTQHQ;B+H bT+2b X2 M/ Y2 `2 mMBQMb Q7 /BbFbX h?2b2 `2 ;2M2`i2/ 7`QK
i?2 TQBMi +HQm/b P M/ P ′ M/ i?2 }t2/ `/Bmb r2X
X2 ∪ Y2 :
6B;m`2 RX8X, h?2 mMBQM bT+2 X2 ∪ Y2X h?2 bT+2 X2 Bb bmT2`BKTQb2/ QM Y2X PM2 H`;2
?QH2 M/ i?`22 iBMv ?QH2b `2 Q#b2`p2/X
h?2 ?QKQHQ;v 7mM+iQ` BM/m+2b i?2 `2T`2b2MiiBQM
H1(X2) H1(X2 ∪ Y2) H1(Y2),
r?B+? Bb M 2tKTH2 Q7  xB;x; T2`bBbi2M+2 KQ/mH2X AM i?2 HM;m;2 Q7 `2T`2b2MiiBQM
i?2Q`v Q7 [mBp2`b- i?Bb `2T`2b2MiiBQM Bb /2+QKTQb2/ BMiQ #B`i?@/2i? TB`b- i?i Bb- Bi Bb
BbQKQ`T?B+ iQ i?2 /B`2+i bmK Q7 `2T`2b2MiiBQMb ⊕4i=1 Ii r?2`2 i?2 BM/2+QKTQb#H2b Ii
`2 Q7 i?2 7Q`Kb
I1 : K K K
idK idK
I2 : K K K
idK idK
I3 : K K 0,
idK M/
I4 : 0 K K.
idK
URXkV
am+?  `2T`2b2MiiBQM Ii Bb +HH2/ M BMi2`pH `2T`2b2MiiBQMX h#H2 RXR b?Qrb i?2 +Q``2@
bTQM/2M+2 #2ir22M i?2 #b2b Q7 i?2 p2+iQ` bT+2b M/ i?2 ?QH2b BM i?2 bT+2bX AM 2bb2M+2-
b?`2/ iQTQHQ;B+H bi`m+im`2b `2 ;Bp2M #v i?2 ?QH2b +Q``2bTQM/BM; iQ I1 M/ I2- MQi I3
MQ` I4X
>Qr2p2`- b T`2b2Mi2/ #27Q`2 i?Bb b2+iBQM- i?2 `Q#mbiM2bb Q7 i?2 ?QH2b `2 /Bz2`2MiX AM
T`iB+mH`- I1 M/ I2 `2 2[mBpH2Mi BM bTBi2 Q7 i?2B` /Bz2`2Mi `Q#mbiM2bbX hQ /BbiBM;mBb?
9
RXRX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
X2 X2 ∪ Y2 Y2
I1 i?2 H`;2 ?QH2 i?2 H`;2 ?QH2 i?2 H`;2 ?QH2
I2 i?2 mTT2` H27i iBMv ?QH2 i?2 mTT2` H27i iBMv ?QH2 i?2 mTT2` H27i iBMv ?QH2
I3 i?2 mTT2` `B;?i iBMv ?QH2 i?2 mTT2` `B;?i iBMv ?QH2
I4 i?2 BMbB/2 iBMv ?QH2 i?2 BMbB/2 iBMv ?QH2
h#H2 RXRX, *Q``2bTQM/2M+2b #2ir22M BMi2`pH `2T`2b2MiiBQMb M/ ?QH2b BM i?2 iQTQHQ;B@
+H bT+2bX
i?2K- r2 BMi`Q/m+2 MQi?2` `/Bmb r3 BM 6B;m`2 RXk- M/ +QMbi`m+i iQTQHQ;B+H bT+2b
X3 :=
⋃
p∈P B(p; r3)- Y3 :=
⋃
p∈P ′ B(p; r3)- b r2HH b i?2B` mMBQM Ub22 6B;m`2 RXeVX
X3 : X3∪Y3 : Y3 :
6B;m`2 RXeX, h?`22 iQTQHQ;B+H bT+2b X3- Y3- M/ i?2B` mMBQMX X3 M/ Y3 `2 ;2M2`i2/
7`QK i?2 TQBMi +HQm/b P M/ P ′ M/ i?2 }t2/ `/Bmb r3X
AM i?Bb +b2- i?2 BM/m+2/ `2T`2b2MiiBQM Bb
H1(X3) H1(X3 ∪ Y3) H1(Y3),
r?B+? Bb BbQKQ`T?B+ iQ I1X hQ bim/v i?2 `2T`2b2MiiBQM i r3 M/ i?i i r2 bBKmHiM2@
QmbHv- H2i mb +QMbB/2` i?2 7QHHQrBM; `2T`2b2MiiBQM Q7  KQ`2 +QKTHB+i2/ [mBp2`X
H1(X3) H1(X3 ∪ Y3) H1(Y3)
H1(X2) H1(X2 ∪ Y2) H1(Y2)
URXjV

























6Q` i = 1- 2- 3- M/ 4- Ji `2bT2+iBp2Hv +Q``2bTQM/b iQ Ii BM URXkVX LQr `Q#mbiM2bb Q7 i?2
;2M2`iQ`b Bb 2tT`2bb2/ BM i?2 p2`iB+H /B`2+iBQMX *QMb2[m2MiHv- i?2 `Q#mbiM2bb HHQrb mb
iQ /BbiBM;mBb? ;2M2`iQ`b +Q``2bTQM/BM; iQ J1 M/ J2X
AM ;2M2`H-  `2T`2b2MiiBQM Q7 i?2 b?T2 Q7 i?2 /B;`K URXjV Bb +HH2/  T2`bBbi2M+2
KQ/mH2 QM i?2 +QKKmiiBp2 H//2` CL(fb)X h?2 /B`2+i bmKKM/b BbQKQ`T?B+ iQ J1 ;Bp2
`Q#mbi ?QKQHQ;v ;2M2`iQ`b +QKKQM BM irQ TQBMi +HQm/bX
h?2 TT2` (Re) BMi`Q/m+2/ bm+?  T2`bT2+iBp2- T`2b2Mi2/  ;2M2`H /2}MBiBQM Q7 +QK@
KmiiBp2 H//2`b CL(τn)- M/ ;p2  }MBi2M2bb i?2Q`2K Ub22 .2}MBiBQM kXkXj M/ h?2@
Q`2K kXkX9VX JQ`2Qp2`- i?2 TT2` T`QpB/2/  /2+QKTQbBiBQM H;Q`Bi?K 7Q` T2`bBbi2M+2
KQ/mH2b QM CL(fb) #mi MQi?BM; 2Hb2X
*QMi`B#miBQMb
AM *?Ti2` j- r2 T`QpB/2  M2r 7`K2rQ`F mbBM; ``Qr +i2;Q`B2b 7Q` /2+QKTQbBiBQMb Q7
T2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2 H//2`b CL(τn) Q7 }MBi2 ivT2 n ≤ 4X
h?2Q`2K jXRXR `2/2}M2b 2p2`v T2`bBbi2M+2 KQ/mH2 b  ?QKQKQ`T?BbK #2ir22M `2T`2@
b2MiiBQMb Q7 M An ivT2 [mBp2`X h?MFb iQ i?Bb B/2MiB}+iBQM M/ G2KK jXRXj +QM+2`M@
BM; /BK2MbBQM T`QT2`iB2b Q7 i?2 ?QKQKQ`T?BbK bT+2b- 2+? ?QKQKQ`T?BbK Bb +QMp2`i2/
iQ  Ki`Bt- b T`2b2Mi2/ BM .2}MBiBQM jXRX8X b rBi? i?2 /2+QKTQbBiBQMb BM i?2 +i2;Q`v
Q7 `2T`2b2MiiBQMb- i?2 Ki`Bt Bb /2+QKTQb2/ BMiQ BM/2+QKTQb#H2b mbBM; BbQKQ`T?BbKb
BM i?2 ``Qr +i2;Q`v- iQ r?B+? i?2 Ki`Bt #2HQM;bX h?2 BbQKQ`T?BbKb BM i?2 ``Qr
+i2;Q`v +M HbQ #2 r`Bii2M BM Ki`Bt 7Q`KX b BM HBM2` H;2#` i?2Q`v- i?2 i`Mb7Q`@
KiBQM #v M BbQKQ`T?BbK Bb T2`7Q`K2/ #v  +QK#BMiBQM Q7 2H2K2Mi`v `Qr M/ +QHmKM
QT2`iBQMb Q7 i?2 Ki`BtX >Qr2p2`- MQi HH Q7 i?2 2H2K2Mi`v QT2`iBQMb `2 T2`KBbbB#H2X
q2 `2K`F QM i?Bb TQBMi BM am#b2+iBQM jXRXjX
h?2 /2+QKTQbBiBQM H;Q`Bi?K Q7 i?2 Ki`Bt Bb ;Bp2M BM H;Q`Bi?K RX h?Bb H;Q`Bi?K Bb
T`2b2Mi2/ BM i?2 7Q`K Q7  bQHp2` bQ7ir`2X h?2 BMTmi T`Q#H2K Bb  Ki`Bt iQ;2i?2` rBi?
T2`KBbbB#H2 QT2`iBQMb- M/ i?2 bQHp2/ QmiTmi Bb Bib /2+QKTQb2/ 7Q`KX h?2Q`2K jXkXj
bii2b i?i- B7 i?2 BMTmi Ki`Bt M/ T2`KBbbB#H2 QT2`iBQMb `2 +QMbi`m+i2/ 7`QK  T2`bBb@
i2M+2 KQ/mH2 QM  +QKKmiiBp2 H//2` Q7 }MBi2 ivT2- i?2M i?2 H;Q`Bi?K i2`KBMi2b BM
}MBi2 bi2Tb M/ i?2 bm#Ki`B+2b BM i?2 QmiTmi Ki`Bt +Q``2bTQM/ iQ i?2 BM/2+QKTQb#H2
/B`2+i bmKKM/b Q7 i?2 T2`bBbi2M+2 KQ/mH2X h?Bb H;Q`Bi?K Bb BM/2T2M/2Mi Q7 i?2 Q`B@
2MiiBQM τn Q7 i?2 +QKKmiiBp2 H//2`X AM Qi?2` rQ`/b- i?Bb Bb  mMB}2/ /2+QKTQbBiBQM
H;Q`Bi?K- ?2M+2 i?Bb TQBMi Bb i?2 KBM /pMi;2 ;BMbi i?i Q7 i?2 2`HB2` bim/v (Re)X
RXkX hQTQHQ;v Q7 aKTH2/ JTb
;BM H2i mb +QMbB/2` i?2 TQBMi +HQm/b P M/ P ′ BM 6B;m`2 RXjX AM i?Bb b2+iBQM- r2 i`2i
i?2b2 b  /27Q`KiBQM 7`QK P iQ P ′X amTTQb2 i?2 bBimiBQM i?i 2p2`v TQBMi BM i?2 TQBMi
+HQm/ Bb H#2H2/ M/ i`+F2/ /m`BM; i?2 /27Q`KiBQMX AM i?Bb +b2- i?2 /27Q`KiBQM Bb
7Q`KHBx2/ b  KT fP : P → P ′X
q?BH2 r2 ?p2 bim/B2/ i?2 iQTQHQ;v Q7 TQBMi +HQm/b P Q` P ′- ?Qr #Qmi i?i Q7 fP \
q2 #2HQr BMi`Q/m+2 i?2 i?2Q`v Q7 ?QKQHQ;v BM/m+2/ KTb Q7 +Q``2bTQM/2M+2b (kR)- r?B+?
e
RXkX hQTQHQ;v Q7 aKTH2/ JTb
Bb `2H2pMi iQ i?Bb T`Q#H2KX
*QMbB/2` i?2 7QHHQrBM; T`Q#H2KX
S`Q#H2K RXkXRX G2i X M/ Y #2 iQTQHQ;B+H bT+2b- M/ f : X → Y #2  +QMiBMmQmb
KTX A7 r2 FMQr QMHv X- Y - M/ bKTHBM; /i f!S- r?B+? Bb  `2bi`B+iBQM Q7 f QM 
}MBi2 bm#b2i S ⊂ X- i?2M +M r2 `2i`B2p2 Mv BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v BM/m+2/
KT f∗ : HX → HY \
h`MbHiBM; i?Bb T`Q#H2K iQ Qm` HM;m;2- i?2 bKTH2 S Bb P - M/ r2 bbmK2 i?2
2tBbi2M+2 Q7 mM/2`HvBM; iQTQHQ;B+H bT+2b X- Y - M/  +QMiBMmQmb KT f X lM/2` i?2b2
bbmKTiBQMb- i?2 BK Bb iQ 2ti`+i BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v BM/m+2/ KT f∗ QMHv
7`QK i?2 KT #2ir22M TQBMi +HQm/b fP : P → P ′X
h?2 KT f!S Bb +HH2/  bKTH2/ KT Q7 f X h?2 TT2` (kR) bm;;2bib i?2 7QHHQrBM;
iQTQHQ;B+H MHvbBb 7Q` i?2 bKTH2/ KTX  ;`B/ X Q7 X Bb  }MBi2 +QHH2+iBQM Q7 bm#b2ib
Q7 X rBi? /BbDQBMi BMi2`BQ`b bm+? i?i ⋃X := ⋃X′∈X X ′ = XX 6B`bi- r2 /BpB/2 i?2
iQTQHQ;B+H bT+2b X M/ Y BMiQ ;`B/b X M/ Y - M/ H2i F #2 i?2 mMBQM Q7 `2;BQMb r?B+?
?p2 2H2K2Mib Q7 i?2 bKTH2 Gr(f!S) := { (s, f(s)) | s ∈ S }X h?i Bb-
F := { (x, y) ∈ X × Y | x ∈ ∃X ′ ∈ X , y ∈ ∃Y ′ ∈ Y , (X ′ × Y ′) ∩Gr(f!S) ̸= ∅ } ,
i?2 Tm`TH2 `2;BQMb BM 6B;m`2 RX3X h?mb- r2 +M +QMbi`m+i M TT`QtBKiBQM Q7 i?2 ;`T?
Gr(f) 7`QK i?2 bKTH2/ KT #v i?Bb bm#bT+2- r?B+? Bb +HH2/  +Q``2bTQM/2M+2X
X
Y Gr(f )
{ (s, f (s)) | s 2 S }
6B;m`2 RXdX, h?2 ;`T? Gr(f) Q7 f M/




6B;m`2 RX3X, "Qi? bT+2b `2 /BpB/2/
BMiQ ;`B/b M/ ;2i  +Q`@
`2bTQM/2M+2 F - r?B+?
TT`QtBKi2b i?2 ;`T?
Gr(f)X
.2}MBiBQM RXkXkX  +Q``2bTQM/2M+2 F 7`QK X iQ Y Bb  bm#bT+2 Q7 X × Y X
.2}MBiBQM RXkXjX 6Q`  +Q``2bTQM/2M+2 F -  ?QKQHQ;v 7mM+iQ` H BM/m+2b  /B;`K
HX
p∗← HF q∗→ HY 7`QK  /B;`K X p← F q→ Y - r?Qb2 p M/ q `2 i?2 +MQMB+H
T`QD2+iBQMb Q7 X × Y X A7 p∗ M/ q∗ biBb7v i?2 irQ T`QT2`iB2b
d
*?Ti2` RX AMi`Q/m+iBQM
Ç Im p∗ = HX U?QKQHQ;B+HHv +QKTH2i2V
Ç q∗(Ker p∗) = 0 U?QKQHQ;B+HHv +QMbBbi2MiV-
i?2M i?2 BM/m+2/ KT Q7 F /2}M2/ b F∗ := q∗ ◦ p−1∗ : HX → HY Bb r2HH@/2}M2/X
h?2 ;`T? Gr(f) Q7 f Bb  +Q``2bTQM/2M+2- ?2M+2 Gr(f)∗ Bb /2}M2/X q2 `2K`F i?i
i?Bb BM/m+2/ KT +QBM+B/2b rBi? f∗X "v i?2 7QHHQrBM; irQ KBM i?2Q`2Kb BM (kR)- Bi Bb
;m`Mi22/ i?i F∗ `2biQ`2b f∗ r?2M i?2 ;`B/ Bb }M2 M/ i?2 bKTH2 Bb bm{+B2MiHv /2Mb2X
h?2Q`2K RXkX9 U(kR- h?2Q`2K jXRy)VX A7  +Q``2bTQM/2M+2 F biBb}2b Gr(f) ⊂ F M/
Bb ?QKQHQ;B+HHv +QMbBbi2Mi- i?2M F∗ Bb r2HH@/2}M2/ M/ f∗ = F∗X
h?2Q`2K RXkX8 U(kR- h?2Q`2K 9Xe)VX A7  +Q``2bTQM/2M+2 F Bb ?QKQHQ;B+HHv +QMbBbi2Mi-
 +Q``2bTQM/2M+2 G Bb ?QKQHQ;B+HHv +QKTH2i2- M/ G ⊂ F - i?2M F∗ M/ G∗ `2 r2HH@
/2}M2/ M/ G∗ = F∗X
*QMi`B#miBQMb
AM a2+iBQM 9XR- r2 rBHH `2/2}M2 BM/m+2/ KTb Q7 +Q``2bTQM/2M+2b rBi?BM i?2 7`K2rQ`F
Q7 [mBp2` `2T`2b2MiiBQMbX h?2 BM/2+QKTQb#H2 /2+QKTQbBiBQMb Q7 [mBp2` `2T`2b2MiiBQMb
(HX




M/ `2bi`B+iBQM iQ i?2 KQbi T2`bBbi2Mi BMi2`pHb I[1, 3]- ;Bp2 mb M bbB;MK2Mi KQM; i?2
#b2b Q7 HX- HF - M/ HY - r?B+? /2}M2b i?2 BM/m+2/ KT 7`QK HX iQ HY X b
T`2b2Mi2/ BM h?2Q`2K 9XRXR- i?2 /2}MBiBQM Bb M 2ti2MbBQM Q7 i?2 T`2pBQmb /2}MBiBQM- M/
i?2 b2imT T`QpB/2b KQ`2 +QM+Bb2 T`QQ7b Q7 h?2Q`2Kb RXkX9 M/ RXkX8X
AM a2+iBQM 9Xk- r2 T`QpB/2 T2`bBbi2Mi ?QKQHQ;v Q7 bKTH2/ KTbX AM i?Bb bim/v- r2
+QMbB/2`  bHB;?iHv /Bz2`2Mi T`Q#H2KX
S`Q#H2K RXkXeX G2i f : X → Y #2  +QMiBMmQmb KT 7Q` X, Y ⊂ RnX A7 X- Y - M/ f
`2 mMFMQrM- M/ r2 FMQr QMHv  bKTH2/ KT f!S : S → f(S) r?B+? Bb  `2bi`B+iBQM Q7
f QM  }MBi2 bm#b2i S ⊂ X- i?2M +M r2 `2i`B2p2 Mv BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v
BM/m+2/ KT f∗ : HX → HY \
h?Bb T`Q#H2K rb bim/B2/ #v i?2 TT2` (R9)- r?B+? T`2b2Mib  K2i?Q/ +QMbi`m+iBM; 
}Hi`iBQM Q7 bBKTHB+BH KTb 7`QK i?2 bKTH2/ KTX >2`2 r2 +QMbi`m+i  bBKBH` }Hi`iBQM
3
RXkX hQTQHQ;v Q7 aKTH2/ JTb
Q7 i?2 bKTH2/ KT f!S-
XXX XXX XXX
κi+1 : Ci+1 domκi+1 Di+1









r?2`2 2+? TB` Q7 bBKTHB+BH KTb Ci domκi Diιi κ
′
i Bb b22M b  }Hi2` Q7 i?2
}Hi`iBQM- r?B+? +Tim`2b iQTQHQ;B+H T2`bBbi2M+2 Q7 i?2 Q`B;BMH KT f X lbBM; i?2 ?Q@
KQHQ;v 7mM+iQ`- i?Bb }Hi`iBQM Q7 i?2 bKTH2/ KT BM/m+2b i?2 `2T`2b2MiiBQM T`2b2Mi2/
b i?2 /B;`K U9XkVX .2+QKTQbBiBQM M/ `2bi`B+iBQM iQ I[1, 3] 7Q` HH }Hi2`b /2}M2  T2`@
bBbi2Mi ?QKQHQ;v Q7 i?2 bKTH2/ KTX h?2 r2HH@/2}M2/M2bb Bb MQi i`BpBH #mi ;m`Mi22/
#v h?2Q`2K 9XkXjX
h?2 KBM i?2Q`2K Q7 i?Bb bim/v Bb  bi#BHBiv i?2Q`2K 7Q` i?Bb T`Q+2bb- h?2Q`2K 9XjX9
BM a2+iBQM 9Xj- r?B+? bii2b i?i i?Bb KTTBM; 7`QK BMTmi UbKTH2/ KTbV iQ QmiTmi
UT2`bBbi2Mi ?QKQHQ;v ;`QmTbV Bb  R@GBTb+?Bix KTX JQ`2Qp2`- BM am#b2+iBQM 9X9XR- r2
TTHv i?Bb T2`bBbi2M+2 MHvbBb iQ i?2 #Qp2 ;`B//2/ b2iiBM;- r?B+? ?b  bBKBH` bi#BHBiv
i?2Q`2K Uh?2Q`2K 9X9XRV b r2HHX
6BMHHv- r2 TT`Q+? k@. T2`bBbi2M+2 KQ/mH2b BM am#b2+iBQM 9X9Xk mbBM; i?2 #Qp2
B/2b- M/ b?Qr bQK2 MmK2`B+H `2bmHib BM a2+iBQM 9X8X
6mM/BM; +FMQrH2/;2K2Mib





h?Bb +?Ti2` +QHH2+ib Ki?2KiB+H MQiBQMb r?B+? r2 rBHH mb2 Hi2`X h?`Qm;?Qmi i?Bb
i?2bBb- b+H`b Q7 p2+iQ` bT+2b M/ +Q2{+B2Mi `BM;b Q7 ?QKQHQ;v ;`QmTb `2  }t2/ }2H/
KX >2M+2- 2p2`v ?QKQHQ;v ;`QmT Bb  p2+iQ` bT+2X JQ`2Qp2`- r2 bbmK2 i?i 2p2`v
p2+iQ` bT+2 Bb }MBi2 /BK2MbBQMHX
kXRX LQiBQMb BM _2T`2b2MiiBQM h?2Q`v Q7 ZmBp2`b
kXRXRX ZmBp2`b M/ _2T`2b2MiiBQMb
 [mBp2` Q = (Q0, Q1, s, t) UQ` bBKTHv (Q0, Q1)V Bb  /B`2+i2/ ;`T? rBi?  b2i Q7 p2`iB+2b
Q0-  b2i Q7 ``Qrb Q1- M/ KQ`T?BbKb s, t : Q1 → Q0 B/2MiB7vBM; i?2 bQm`+2 M/ i?2
i`;2i p2`i2t Q7 M ``QrX M ``Qr α ∈ Q1 Bb /2MQi2/ #v α : s(α) → t(α)X AM i?Bb
i?2bBb- r2 bbmK2 i?i Q0 M/ Q1 `2 }MBi2 b2ibX
 `2T`2b2MiiBQM Q7  [mBp2` Q- /2MQi2/ #vM = (Ma,ϕα)a∈Q0,α∈Q1 UQ` bBKTHv (Ma,ϕα)
Q` (M,ϕ)V- Bb  +QHH2+iBQM Q7  p2+iQ` bT+2 Ma 7Q` 2+? p2`i2t a ∈ Q0 M/  HBM2` KT
ϕα : Ma →Mb 7Q` 2+? ``Qr α : a→ b ∈ Q1X
.2}MBiBQM kXRXRX h?2 `2T`2b2MiiBQM +i2;Q`v rep(Q) Q7  [mBp2` Q Bb i?2 7QHHQrBM;
+i2;Q`vX
P#D2+ib HH `2T`2b2MiiBQMb Q7 QX
JQ`T?BbKb  KQ`T?BbK 7`QK  `2T`2b2MiiBQM M = (Ma,ϕα) iQ  `2T`2b2MiiBQM N =
(Na,ψα) Bb /2}M2/ #v
f := { fa : Ma → Na | a ∈ Q0 } : M → N
rBi? +QKKmiiBpBiv





fa fb . UkXRV
*QKTQbBiBQM h?2 +QKTQbBiBQM Q7 KQ`T?BbKb f = { fa } : M → N M/ g = { ga } : N →
L Bb gf = { gafa } : M → LX
Ry
kXRX LQiBQMb BM _2T`2b2MiiBQM h?2Q`v Q7 ZmBp2`b
h?2 x2`Q `2T`2b2MiiBQM Bb i?2 `2T`2b2MiiBQM rBi? i?2 x2`Q p2+iQ` bT+2 7Q` 2+?
p2`i2t M/ i?2 x2`Q KQ`T?BbK 7Q` 2+? ``QrX h?2 /B`2+i bmK M ⊕N Q7 `2T`2b2MiiBQMb
M = (Ma,ϕα) M/ N = (Na,ψα) Q7 Q Bb i?2 `2T`2b2MiiBQM rBi? i?2 p2+iQ` bT+2
Ma ⊕Na 7Q` 2+? p2`i2t a ∈ Q0 M/ i?2 HBM2` KT ϕα ⊕ ψα : Ma ⊕Na → Mb ⊕Nb 7Q`
2+? ``Qr α : a→ b ∈ Q1X
 MQMx2`Q `2T`2b2MiiBQM M Bb bB/ iQ #2 BM/2+QKTQb#H2- B7 M1 Q` M2 Bb i?2 x2`Q
`2T`2b2MiiBQM 7Q` Mv /2+QKTQbBiBQM M ∼= M1 ⊕M2X Ai Bb FMQrM i?i 2p2`v `2T`2b2M@
iiBQM +M #2 mMB[m2Hv /2+QKTQb2/ BMiQ  /B`2+i bmK Q7 BM/2+QKTQb#H2b- mMB[m2 mT
iQ BbQKQ`T?BbK M/ T2`KmiiBQMbX  [mBp2` Bb Q7 }MBi2 ivT2 B7 i?2 MmK#2` Q7 /BbiBM+i
BbQKQ`T?BbK +Hbb2b Q7 BM/2+QKTQb#H2b Bb }MBi2- M/ Bb Q7 BM}MBi2 ivT2 Qi?2`rBb2X
q2 mb2 i?2 mbHM/2`Ĝ_2Bi2M [mBp2` Γ = (Γ0,Γ1) UQ` ##`2pBiBM; _ [mBp2`V iQ HBbi
i?2 BM/2+QKTQb#H2b Q7  [mBp2`- /2}M2/ b 7QHHQrbX Γ0 Bb  b2i Q7 BbQKQ`T?BbK +Hbb2b
Q7 BM/2+QKTQb#H2b- M/ M ``Qr [M ] → [N ] ∈ Γ1 2tBbib B7 M/ QMHv B7 M B``2/m+B#H2
KQ`T?BbK R f : M → N 2tBbibX
G2i τn = τ 1nτ 2n · · · τn−1n #2  b2[m2M+2 Q7 n− 1 bvK#QHb f M/ b- MK2Hv- 2Bi?2` τ in = f
Q` τ in = bX M An(τn) ivT2 [mBp2` UQ` bBKTHv M An ivT2 [mBp2`V Bb  [mBp2` rBi? i?2
7QHHQrBM; b?T2,
An(τn) :
1◦ 2◦ · · · n◦
r?2`2 i?2 i@i?←→ Bb  7Q`r`/ ``Qr −→ B7 τ in = f - Q`  #+Fr`/ ``Qr←− B7 τ in = bX
τn Bb +HH2/ i?2 Q`B2MiiBQM Q7 i?2 An ivT2 [mBp2`X :#`B2HǶb i?2Q`2K (R3) b?Qrb i?i 2p2`v
BM/2+QKTQb#H2 An ivT2 `2T`2b2MiiBQM Bb BbQKQ`T?B+ iQ M BMi2`pH U`2T`2b2MiiBQMV
I[b, d] : 0←→ · · ·←→ 0←→ b@i?K idK←→ K idK←→ · · · idK←→ d@i?K ←→ 0←→ · · ·←→ 0.





I[b, d]mb,d (mb,d ∈ Z≥0, KmHiBTHB+Biv). UkXkV
q2 `2K`F i?i i?2 bK2 bvK#QHb I[b, d] `2 mb2/ 7Q` i?2 BMi2`pHb Q7 2p2`v An(τn)X
kXRXkX "QmM/ ZmBp2`b
h?2 #Qp2 /2}MBiBQM Q7 `2T`2b2MiiBQMb Q7 [mBp2`b Bb bm{+B2Mi iQ /2H rBi? T2`bBbi2Mi
?QKQHQ;v /2}M2/ Hi2`- #mi BM bQK2 +b2b HBF2 Qm` rQ`F- Bi +M #2 mb27mH iQ `2bi`B+i i?2
+Hbb Q7 `2T`2b2MiiBQMbX h?2 +QM+2Ti Q7 #QmM/ [mBp2`b /2b+`B#2/ #2HQr T`QpB/2b bm+? 
mb27mH 7`K2rQ`F 7Q` mbX
 Ti? (a|α1α2 · · ·αℓ|b) 7`QK  bQm`+2 a ∈ Q0 iQ  i`;2i b ∈ Q0 Bb  b2`B2b Q7 ``Qrb
α1, . . . ,αℓ biBb7vBM; s(α1) = a- t(αℓ) = b- M/ t(αi) = s(αi+1) 7Q` HH i ∈ { 1, . . . , ℓ− 1 }X
h?2 MmK#2` ℓ Bb +HH2/ Bib H2M;i?X Si?b Q7 H2M;i? y `2 HHQr2/ M/ `2 /2MQi2/ #v
R KQ`T?BbK f : M → N Bb B``2/m+B#H2 B7 M/ QMHv B7 f Bb M2Bi?2`  b2+iBQM MQ`  `2i`+iBQM- M/ 2p2`v
/2+QKTQbBiBQM f = f1f2 BKTHB2b f1 Bb  `2i`+iBQM Q` f2 Bb  b2+iBQMX
RR
*?Ti2` kX S`2HBKBM`B2b
ea = (a||a)X h?2 Ti? H;2#` KQ Q7  [mBp2` Q Bb  K@p2+iQ` bT+2 7`22Hv ;2M2`i2/ #v
HH Ti?b- rBi? KmHiBTHB+iBQM bi`m+im`2 ;Bp2M b
(a|α1 · · ·αℓ|b)(c|β1 · · · βm|d) =
{
(a|α1 · · ·αℓβ1 · · · βm|d) (b = c),
0 (Qi?2`rBb2).
M 2H2K2Mi ρ = Σmi=1λiwi ∈ KQ r?2`2 λi ∈ K M/ HH wi ?p2 i?2 bK2 bQm`+2 M/
i`;2i Bb +HH2/  `2HiBQM Q7 QX  #QmM/ [mBp2` (Q,P ) Bb  TB` +QMbBbiBM; Q7  [mBp2` Q
M/  b2i Q7 `2HiBQMb P = { ρ1, . . . , ρm }X
q2 /2}M2 i?2 2pHmiBQM Q7 M = (Ma,ϕα) QM  Ti? w = (a|α1 · · ·αℓ|b) iQ #2 ϕw =
ϕαℓ · · ·ϕα1 : Ma →MbX  `2T`2b2MiiBQM M Bb  `2T`2b2MiiBQM Q7  #QmM/ [mBp2` (Q,P )
B7 ϕρ := Σmi=1λiϕwi = 0 7Q` HH `2HiBQMb ρ = Σmi=1λiwi ∈ P X
Pm` rQ`F `2[mB`2b i?2 7QHHQrBM; +QKKmiiBpBiv `2HiBQMbX  `2HiBQM Q7 i?2 7Q`K w−w′
Bb +HH2/  +QKKmiiBpBiv `2HiBQM- r?2`2 w M/ w′ `2 irQ /Bz2`2Mi Ti?b b?`BM; i?2
bK2 bQm`+2 M/ i`;2iX hQ mM/2`biM/ Bi BMimBiBp2Hv- QM2 +M +QMbB/2` i?2 7QHHQrBM;






β δ , P = { ρ = βα− γδ } .
"v /2}MBiBQM- 2p2`v `2T`2b2MiiBQM (M,ϕ) Q7 i?2 #QmM/ [mBp2` (Q,P ) biBb}2b ϕρ =







AM i?2 bK2 rv b Q7 `2T`2b2MiiBQMb Q7 [mBp2`b- p`BQmb Q#D2+ib Q7 `2T`2b2MiiBQMb
Q7 #QmM/ [mBp2`b `2 HbQ /2}M2/c KQ`T?BbKb- BbQKQ`T?BbKb- /B`2+i bmKb-  x2`Q `2T@
`2b2MiiBQM- BM/2+QKTQb#BHBiv- }MBi2 UQ` BM}MBi2V ivT2- M/ _ [mBp2`bX lM/2` bm+?
/2}MBiBQMb- i?2 `2T`2b2MiiBQM +i2;Q`v rep(Q,P ) Q7  #QmM/ [mBp2` (Q,P ) Bb +QKTQb2/
BM i?2 Mim`H rvX h?Bb Bb i?2 7mHH bm#+i2;Q`v Q7 rep(Q) r?Qb2 Q#D2+ib `2 i?2 `2T`2@
b2MiiBQMb Q7 (Q,P )X
kXkX LQiBQMb BM hQTQHQ;B+H .i MHvbBb
kXkXRX aBKTHB+BH *QKTH2t2b 7Q` SQBMi *HQm/b
AM bQK2 bim/B2b bm+? b BM i?Bb i?2bBb- T2`bBbi2Mi ?QKQHQ;v Bb /2}M2/ 7Q`  }Hi`iBQMX
"27Q`2 T`2b2MiBM; i?2 /2}MBiBQM- H2i mb ;Bp2 irQ ivTB+H +QMbi`m+iBQMb Q7  }Hi`iBQM 7`QK
 TQBMi +HQm/ BM T`2T`iBQM 7Q` i?2 i?2Q`v BM *?Ti2` 9X
Rk
kXkX LQiBQMb BM hQTQHQ;B+H .i MHvbBb
G2i P #2  TQBMi +HQm/ BM RnX M #bi`+i bBKTHB+BH +QKTH2t Ω 7Q` P Bb  +QHH2+iBQM
Q7 bm#b2ib Q7 P bm+? i?i
P1 ⊂ P2 M/ P2 ∈ Ω =⇒ P1 ∈ Ω.
.2}MBiBQM kXkXRX h?2 Ì2+? +QKTH2t Cr 7Q` P rBi?  `/Bmb r Bb M #bi`+i bBKTHB+BH
+QKTH2t /2}M2/ b
Cr = {σ ⊂ P |
⋂
p∈σ
B(p; r) ̸= ∅ } ,
r?2`2 B(p; r) Bb i?2 #HH Q7 +2Mi2` p M/ `/Bmb rX G2i dRn #2 i?2 1m+HB/2M K2i`B+ QM RnX
h?2 oB2iQ`BbĜ_BTb +QKTH2t Vr 7Q` P rBi?  `/Bmb r Bb M #bi`+i bBKTHB+BH +QKTH2t
/2}M2/ b
Vr = {σ ⊂ P | ∀p1, p2 ∈ σ, dRn(p1, p2) ≤ r } k.
h?2b2 +QKTH2t2b Mim`HHv 7Q`K }Hi`iBQMb #v BM+`2bBM; i?2 `/Bmb T`K2i2` rX 6Q`
2tKTH2- BM+`2bBM; `/Bmb T`K2i2`b r1 < r2 < · · · < rn BM/m+2 i?2 }Hi`iBQM Q7 Ì2+?
+QKTH2t2b
Cr1 ⊂ Cr2 ⊂ · · · ⊂ Crn .
6BHi`iBQMb Q7 Ì2+? +QKTH2t2b M/ oB2iQ`BbĜ_BTb +QKTH2t2b `2 mb2/ 7Q` +Tim`BM; iQTQ@
HQ;B+H b?T2b Q7 TQBMi +HQm/bX
Ì2+? +QKTH2t2b ?p2  i?2Q`2iB+HHv ;QQ/ T`QT2`iv- FMQrM b L2`p2 h?2Q`2K (9)X PM
i?2 Qi?2` ?M/- oB2iQ`BbĜ_BTb +QKTH2t2b `2 +QKTmiiBQMHHv HB;?i2`- ?2M+2 r2 b2H2+i
i?2K /2T2M/BM; QM i?2 bBimiBQM Ub22 (Rj- a2+iBQM AAAXk) 7Q` /2iBHbVX am+? }Hi`iBQMb
mbBM; #bi`+i bBKTHB+BH +QKTH2t2b `2 7`2[m2MiHv mb2/ 7Q` MHvbBb Q7 /i ;Bp2M BM i?2
7Q`K Q7 TQBMi +HQm/bX
kXkXkX S2`bBbi2Mi >QKQHQ;v- S2`bBbi2M+2 .B;`Kb- M/ S2`bBbi2M+2
JQ/mH2b
.2}MBiBQM kXkXkX *QMbB/2`  }Hi`iBQM Q7 bT+2b U2X;X iQTQHQ;B+H bT+2b- bBKTHB+BH
+QKTH2t2bV
X : X1 ⊂ X2 ⊂ · · · ⊂ Xn.
h?2 T2`bBbi2Mi ?QKQHQ;v ;`QmT Q7 i?2 }Hi`iBQM X Bb i?2 b2[m2M+2
HX : HX1 → HX2 → · · ·→ HXn UkXjV
BM/m+2/ #v i?2 ?QKQHQ;v 7mM+iQ` HX
kP`/BM`BHv- oB2iQ`BbĜ_BTb +QKTH2t2b `2 /2}M2/ MQi #v i?2 BM2[mHBiv dRn(p1, p2) ≤ r #mi #v
dRn(p1, p2) ≤ 2rX q2 /QTi i?Bb /2}MBiBQM 7Q` i?2 +QKT`BbQM Q7 MmK2`B+H `2bmHib BM a2+iBQM 9X8
rBi? M 2`HB2` `2b2`+? (R9)X
Rj
*?Ti2` kX S`2HBKBM`B2b
AM i?2 +QMi2ti Q7 [mBp2` `2T`2b2MiiBQMb- i?2 T2`bBbi2Mi ?QKQHQ;v Bb `2;`/2/ b 





I[b, d]mb,d (mb,d ∈ Z≥0, KmHiBTHB+Biv)
+Q``2bTQM/b iQ  ;2M2`iQ` Q7  ?QKQHQ;v ;`QmT r?B+? Bb #Q`M i HXb M/ /B2b i
HXd+1X h?2`27Q`2- i?2 H2M;i? d− b Q7 M BMi2`pH Bb +HH2/ Bib HB72iBK2 Q` T2`bBbi2M+2X
h?2 T2`bBbi2M+2 /B;`K Bb  KmHiBb2i
{ (b, d) | 1 ≤ b ≤ d ≤ n, (b, d) ?b KmHiBTHB+Biv mb,d } ,
/2i2`KBM2/ #v i?2 /2+QKTQbBiBQMX q2 BHHmbi`i2 Bi #v THQiiBM; Bi QM  THM2jX h?Bb
/2b+`BTiBQM ;Bp2b mb M Qp2`pB2r Q7 i?2 ;2M2`iQ`b Q7 HH ?QKQHQ;v ;`QmTb M/ i?2`27Q`2-
i?Bb TT`Q+? Bb 7`2[m2MiHv mb2/ 7Q` TTHB+iBQMb Q7 T2`bBbi2Mi ?QKQHQ;vX
6m`i?2`KQ`2- i?2 7`K2rQ`F Q7 [mBp2` `2T`2b2MiiBQMb +M 2ti2M/ T2`bBbi2Mi ?QKQH@
Q;vX q2 +HH `2T`2b2MiiBQMb Q7 U#QmM/V [mBp2`b T2`bBbi2M+2 KQ/mH2bX wB;x; T2`bBbi2M+2
KQ/mH2b (8) `2 M 2tKTH2 Q7 i?2 2ti2MbBQM- 2M#HBM; iQ +Tim`2 T2`bBbi2Mi iQTQHQ;B+H
72im`2b BM /27Q`KiBQMb Q7 bT+2bX
*QMbB/2` /27Q`KiBQMb Q7 iQTQHQ;B+H bT+2b (X1, . . . , XT )-  b2[m2M+2 Q7 iQTQHQ;B+H
bT+2bX Hi?Qm;? i?2 b2[m2M+2 Bb MQi  }Hi`iBQM BM ;2M2`H- i?2 mMBQMb Q7 M2B;?#Q`BM;
bT+2b +M ;2M2`i2 i?2 b2[m2M+2 Q7 i?2B` +MQMB+H BM+HmbBQMb
X1 ↪→ X1 ∪X2 ←↩ X2 ↪→ · · · ↪→ XT−1 ∪XT ←↩ XT .
h?2 xB;x; T2`bBbi2M+2 KQ/mH2 Q7 (X1, . . . , XT ) Bb ;Bp2M #v i?2 b2[m2M+2 Q7 ?QKQHQ;v
H(X1)→ H(X1 ∪X2)← H(X2)→ · · ·→ H(XT−1 ∪XT )← HXT .
h?2 /2+QKTQbBiBQM Q7 i?2 xB;x; T2`bBbi2M+2 KQ/mH2 b  A2T−1(fbfb · · · fb) ivT2 `2T`2@
b2MiiBQM vB2H/b  T2`bBbi2M+2 /B;`K ;BM- r?2`2 2+? BMi2`pH +Tim`2b i?2 T2`bBbi2M+2
Q7  ?QKQHQ;v ;2M2`iQ` BM i?2 /27Q`KiBQMb Q7 bT+2bX
kXkXjX S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b
.2}MBiBQM kXkXjX G2i L(τn) /2MQi2  [mBp2` Q7 i?2 7Q`K





· · · ◦
n
,
r?2`2 i?2 mTT2` M/ HQr2` [mBp2`b `2 i?2 bK2 An(τn) ivT2X G2i C #2 i?2 b2i Q7 HH
TQbbB#H2 +QKKmiiBpBiv `2HiBQMbX  +QKKmiiBp2 H//2` CLn(τn) UQ` bBKTHv CL(τn)V Bb
 #QmM/ [mBp2` (L(τn), C)X S2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2 H//2`b `2 `2T`2b2Mi@
iBQMb Q7 i?2 #QmM/ [mBp2` CL(τn)X
R9





























































<latexit sha1_base64="0XS3nAp4CA bxtJLaXtsVb735GVY=">AAAIKHicnVQ7bxNBEJ6EGAfzSAINEo2Vh4UEhFk3IB BSBA1lHuQh+axo726TLL6X7s4mycl/gD+AEA0gUQA/g4aSBqG0dIgySDQUzO45x InvnJhb+W52vm9mv5kd2QwcGcWIe0PDZ0YKZ4uj50rnL1y8NDY+cXkl8puhJZY t3/HDNZNHwpGeWI5l7Ii1IBTcNR2xajYeKXy1JcJI+t6TeCcQdZdvenJDWjwm1/ rEyEvDFJvSS2LZ2LXsdo27AdG5Z5dDETjcEq7w4gdGpV4ql42KYUu3lTDEtn4Z dsjDWrwlrUadwA6MjLUTzIdVNCLLgRlTyVlGtFqGknEooueUZnZKlqE3k9rRzk6 VVQs9DRVza+rqyPFMRnfHM1var9g+so5EdcUoARlYlZ1QZm+MrlfLzcEGzYeYq y/NV/0PfSxbHx5gh7OmBmKQ9g8yQKcfywFmTQ9TNowHo9jMmbVOsXkJ2L+77ZM/ H9btyVJHq2QIzz74Jyqtj0/hLOqn3GuwjjE1N2nceA0A8/7E0H0wwAYfLGiCCw I8iMl2gENEqwYMEALy3dQ+j7gR4Zx8AuqQgAnb8JR8HEJiSR0roA0lytskvyAmJ 2+D3pu0q3W8Hu3VeZHOYpECh34hRZZhBr/ie9zHz/gRf+Cf3FyJzqF07tDXTGN FsD72/OrS7xOjXPrGsHUY1VdzDBtwV2uVpD3QHlWFlca3dl/sL91bnEkq+BZ/kv 43uIefqAKv9ct6tyAWX/XRo/rWgF24RV67T+8S8m106c7nmcRKcY/2z3R/XR2p bjDRdy5p3yJWDaq6LoO6z8mr8pnE3yYfI3ubOArdorNU9mmyfYoUxFfcmNApYq aspj7hKFbVWJvWtH6XQE0qOz6XvcZKdZaRvUAj+xDSZxSuwSRcp/PuwBw8hnlYB qsAhUrhdgGLH4pfit+Keyl1eKgTcwWOPMXvfwFU+nBi</latexit><latexit sha1_base64="dwUYf01p2L 0+JXuL5ou74sVF4k4=">AAAIKHicnVQ7bxNBEJ6EGAfzSAINEo2Vh4UEhFk3IB BSBA1lHuQh+axo726THL6X7s4m9sl/gBoJISqQKICfQUNJg5BbOkQZJBoKZvcc4 sR3js2tfDc73zez38yOrPu2FUaInbHxMxO5s/nJc4XzFy5empqeubwRevXAEOu GZ3vBls5DYVuuWI+syBZbfiC4o9tiU689kvhmQwSh5blPoqYvqg7fda0dy+ARub ZnJl5puti13Diyai3DbFe44xOdu2YxEL7NDeEIN3qglaqFYlEraablNGKG2FYv zQx4UIn2LKNWJbALI2PtGLNhGY3IMmDGZHKWEi2XJmUcieg7pZ6ekqXoTaV2tbO hsiqhw1Axs6aejpzMpPV2PLWlg4odIOtYVE+MFJCCldkpZfbHqHqV3Axs1HyIm fqSfOX/0MfS9eEhdjRrciBGaf8oAzT8WI4wa2qY0mE8HMV6xqx1i81KwP7d7YD8 2bBqT5o6WgVNuObhP1Fhe3oOF1E9xX6DdY25pVntxovOUnPZmxm7DxqY4IEBdX BAgAsR2TZwCGlVgAGCT76byucSNySck09AFWLQYR+eko9DQCxLxQpoQ4Hy1skvi MnJW6P3Lu0qXa9Le3leqLIYpMCmX0CRRVjAr/geD/AzfsQf+CczV6xySJ1N+up JrPC3p55fXft9apRD3wj2jqIGao5gB+4qrRZp95VHVmEk8Y3Wy4O1e6sLcQnf4k /S/wY7+IkqcBu/jHcrYvX1AD2ybzVowS3ymgN6F5Nvp0d3Nk8nVoK7tH+m+uuo SHmDsbpzi/YNYlWgrOrSqPucvDKfTvx98jGy94kj0T06S2afJ9ujSEF8yY0InS NmwqqrE45jZYW1ac2rdwHkpLKTc9lvbJQXGdkrNLIPIXkm4RrMwnU67w4swWNYh nUwcpAr5W7nMP8h/yX/Ld9JqONj3ZgrcOzJf/8L3+Bx6A==</latexit><latexit sha1_base64="dwUYf01p2L 0+JXuL5ou74sVF4k4=">AAAIKHicnVQ7bxNBEJ6EGAfzSAINEo2Vh4UEhFk3IB BSBA1lHuQh+axo726THL6X7s4m9sl/gBoJISqQKICfQUNJg5BbOkQZJBoKZvcc4 sR3js2tfDc73zez38yOrPu2FUaInbHxMxO5s/nJc4XzFy5empqeubwRevXAEOu GZ3vBls5DYVuuWI+syBZbfiC4o9tiU689kvhmQwSh5blPoqYvqg7fda0dy+ARub ZnJl5puti13Diyai3DbFe44xOdu2YxEL7NDeEIN3qglaqFYlEraablNGKG2FYv zQx4UIn2LKNWJbALI2PtGLNhGY3IMmDGZHKWEi2XJmUcieg7pZ6ekqXoTaV2tbO hsiqhw1Axs6aejpzMpPV2PLWlg4odIOtYVE+MFJCCldkpZfbHqHqV3Axs1HyIm fqSfOX/0MfS9eEhdjRrciBGaf8oAzT8WI4wa2qY0mE8HMV6xqx1i81KwP7d7YD8 2bBqT5o6WgVNuObhP1Fhe3oOF1E9xX6DdY25pVntxovOUnPZmxm7DxqY4IEBdX BAgAsR2TZwCGlVgAGCT76byucSNySck09AFWLQYR+eko9DQCxLxQpoQ4Hy1skvi MnJW6P3Lu0qXa9Le3leqLIYpMCmX0CRRVjAr/geD/AzfsQf+CczV6xySJ1N+up JrPC3p55fXft9apRD3wj2jqIGao5gB+4qrRZp95VHVmEk8Y3Wy4O1e6sLcQnf4k /S/wY7+IkqcBu/jHcrYvX1AD2ybzVowS3ymgN6F5Nvp0d3Nk8nVoK7tH+m+uuo SHmDsbpzi/YNYlWgrOrSqPucvDKfTvx98jGy94kj0T06S2afJ9ujSEF8yY0InS NmwqqrE45jZYW1ac2rdwHkpLKTc9lvbJQXGdkrNLIPIXkm4RrMwnU67w4swWNYh nUwcpAr5W7nMP8h/yX/Ld9JqONj3ZgrcOzJf/8L3+Bx6A==</latexit><latexit sha1_base64="bg2kOvTX73 6XVuBFsEH6MiXn7bE=">AAAIKHicnVQ7bxNBEJ6EGAfzSAINEo2FE4sCwqwbEA gpgoYyD/KQfFa0d7dJFt9Ld2eT5OQ/wB9AiAokCuBn0FDSIJSWDlEGiYaC2fWFO PGdE+dWvpud75vZb2ZHNgNHRjHi3sjoubHC+eL4hdLFS5evTExOXV2J/FZoiWX Ld/xwzeSRcKQnlmMZO2ItCAV3TUesms0nCl9tizCSvvcs3glEw+WbntyQFo/JtT 419towxab0klg2dy27U+duQHTu2eVQBA63hCu8+JFRbZTKZaNq2NJtJwyxo1+G HfKwHm9Jq9kgMIWRsU6C+bCKRmQ5MGMqOcuIVstQMg5F9J3Syk7JMvRmUlPt7FR ZtdDTUDG3pp6OHM9k9HY8s6WDih0g60hUT4wSkIHV2All9sfoerXcHGzYfIi5+ rr5amfQx7L14QF2OGtqIIZp/zADdPqxHGLW9DBlw3gwiq2cWUuLzUvA/t/tgPz5 sG5PljpaJUN49sE/UWl9soKzqJ9yv8FSowLpM+9PjTwEA2zwwYIWuCDAg5hsBz hEtOrAACEg323t84gbEc7JJ6ABCZiwDc/JxyEkltSxAjpQorwt8gticvI26b1Ju 3rq9Wivzot0FosUOPQLKbIMM/gNP+A+fsFP+BP/5uZKdA6lc4e+ZjdWBOsTL68 v/TkxyqVvDFuHUQM1x7AB97VWSdoD7VFVWN349u6r/aUHizNJFd/hL9L/FvfwM1 XgtX9b7xfE4psBelTfmrALd8hrD+hdQr6NHt35PJNYXdyj/QvdX1dHqhtM9J1L 2reJVYearsug7nPyqnwm8bfJx8jeJo5Ct+gslX2abJ8iBfEVNya0Qswuq6VPOI rVNNahNa3fJVCTyo7PZb+xUptlZC9gZe5xOrPjcANuwi067x7MwVOYh2WwClCoF u4WsPix+LX4vbjXpY6OpDHX4MhT/PEPvAFu2Q==</latexit>
6B;m`2 kXRX, mbHM/2`Ĝ_2Bi2M [mBp2` Q7 i?2 +QKKmiiBp2 H//2` CL3(bf) (Re)X
h?2 Q`B;BMH TT2` (Re) Q7 T2`bBbi2M+2 KQ/mH2b QM CL(τn) /2b+`B#2/ i?2 7QHHQrBM; }MBi2@
M2bb i?2Q`2KX
h?2Q`2K kXkX9 U(Re- h?2Q`2K j M/ 9)VX 6Q` Mv Q`B2MiiBQM τn-
CL(τn) Bb Q7 }MBi2 ivT2 ⇐⇒ n ≤ 4.
1tKTH2 kXkX8X b M 2tKTH2 Q7 +QKKmiiBp2 H//2`b Q7 }MBi2 ivT2- QM2 +M T`2b2Mi
i?2 _ [mBp2` Q7 i?2 +QKKmiiBp2 H//2` CL3(bf) BM 6B;m`2 kXRX h?2 p2`iB+2b Q7 i?2
_ [mBp2` `2 2tT`2bb2/ BM i?2 7Q`K Q7 /BK2MbBQM p2+iQ`bX h?2 /BK2MbBQM p2+iQ` Q7 
`2T`2b2MiiBQM M Bb  p2+iQ` Q7 /BK2MbBQMb Q7 M(a) Qp2` K 7Q` p2`iB+2b a ∈ Q0X 6Q`
+QMp2MB2M+2- i?2 p2+iQ`b `2 HB;M2/ ++Q`/BM; iQ i?2 TQbBiBQMb Q7 i?2 p2`iB+2b a ∈ Q0X
6Q` 2tKTH2- i?2 /BK2MbBQM p2+iQ` Q7  `2T`2b2MiiBQM
K K2 K3
K3 K2 K
Bb 123321X q2 `2K`F i?i 7Q` i?2 BbQKQ`T?BbK +Hbb Q7  `2T`2b2MiiBQM- i?2 /BK2MbBQM p2+iQ`
Bb mMB[m2Hv /2i2`KBM2/ U#mi MQi pB+2 p2`bVX AM MHQ;v rBi? i?2 BMi2`pH `2T`2b2MiiBQMb
Q7 An [mBp2`b- `2T`2b2MiiBp2b Q7 i?2 BM/2+QKTQb#H2b BM 6B;m`2 kXR 2tT`2bb2/ #v i?2
/BK2MbBQM p2+iQ`b MQi BM+Hm/BM; 2 +M #2 +?Qb2M b 7QHHQrbX h?2 KQ`T?BbKb BM i?2
BM/2+QKTQb#H2b `2 B/2MiBiv KTb 7`QK K iQ K- Q` y Qi?2`rBb2X 1t+2TiBQMb `2 121111 M/




121X h?2b2 `2 BbQKQ`T?B+ +Hbb2b Q7
K K2 K
K K K








[ 1 0 ]
[ 1 1 ]
[ 0 1 ]
UkX9V
`2bT2+iBp2HvX 6Q` +QMp2MB2M+2- r2 }t i?2b2 `2T`2b2MiiBp2b i?`Qm;?Qmi i?Bb i?2bBbX
h?2 MQiBQM Q7 T2`bBbi2M+2 /B;`Kb ?b #22M 2ti2M/2/ iQ CL(τn) #v mbBM; BM/2+QKTQb@
#H2 /2+QKTQbBiBQMX G2i Γ = (Γ0,Γ1) #2 i?2 _ [mBp2` Q7 CL(τn)- i?2M  `2T`2b2MiiBQM




Im[I] (m[I] ∈ Z≥0, KmHiBTHB+Biv).
h?2 T2`bBbi2M+2 /B;`K Q7 M Bb i?2 KT Γ0 ∋ [I] 5→ m[I] ∈ Z≥0X A7 CL(τn) Bb Q7 }MBi2
ivT2- i?2M Γ0 Bb  }MBi2 b2i- ?2M+2 r2 +M /`r i?2 T2`bBbi2M+2 /B;`K #v TmiiBM; i?2
MmK#2`b m[I] QM i?2 +Q``2bTQM/BM; p2`iB+2b BM ΓX h?2 TT2` (Re) bm;;2bi2/ i?2 miBHBiv Q7
bm+? T2`bBbi2M+2 /B;`Kb 7Q` TTHB+iBQM iQ `2H /i MHvbBbX
kXjX ``Qr *i2;Q`B2b
6BMHHv- r2 T`QpB/2 i?2 /2}MBiBQM Q7 ``Qr +i2;Q`B2bX h?Bb MQiBQM rBHH +QMi`B#mi2 iQ 
/2+QKTQbBiBQM H;Q`Bi?K BM *?Ti2` jX
.2}MBiBQM kXjXRX G2i C #2  +i2;Q`vX h?2 ``Qr +i2;Q`v arr(C) Q7 C Bb i?2 7QHHQrBM;
+i2;Q`vX
P#D2+ib HH KQ`T?BbKb f ∈ Hom(C1, C2) 7Q` HH Q#D2+ib C1 M/ C2 Q7 CX
JQ`T?BbKb  KQ`T?BbK ϕ : f → g 7`QK f ∈ Hom(C1, C2) iQ g ∈ Hom(D1, D2) Bb  TB`






*QKTQbBiBQM h?2 +QKTQbBiBQM Q7 KQ`T?BbKb ϕ = (ϕ1,ϕ2) : f → g M/ ψ = (ψ1,ψ2) : g →
h Bb ψϕ := (ψ1ϕ1,ψ2ϕ2)X
Re
*?Ti2` jX
Ji`Bt J2i?Q/ 7Q` S2`bBbi2M+2
JQ/mH2b QM *QKKmiiBp2 G//2`b Q7
6BMBi2 hvT2
h?Bb +?Ti2` b2`p2b  /2+QKTQbBiBQM H;Q`Bi?K 7Q` T2`bBbi2M+2 KQ/mH2b QM +QKKmiiBp2
H//2`b Q7 }MBi2 ivT2X aBM+2 i?2 H;Q`Bi?K +QMbBbib QMHv Q7 2H2K2Mi`v QT2`iBQMb QM
Ki`B+2b- QM2 +M BKTH2K2Mi Bi bKQQi?Hv M/ 2z2+iBp2HvX h?2 +QMi2Mi Q7 i?Bb +?Ti2` Bb
#b2/ QM i?2 Tm#HBb?2/ TT2`,
(R) >X bb?B#- 1X :X 1b+QH`- uX >B`QF- M/ >X hF2m+?B- Ji`Bt J2i?Q/ 7Q`
S2`bBbi2M+2 JQ/mH2b QM *QKKmiiBp2 G//2`b Q7 6BMBi2 hvT2- CTMX CX AM/X TTHX
Ji?X .PA,RyXRyydfbRjRey@yR3@yjjR@v
h?2 }MH Tm#HB+iBQM Bb pBH#H2 i ?iiTb,ffHBMFXbT`BM;2`X+QKf`iB+H2fRyXRyydf
bRjRey@yR3@yjjR@vX h?Bb TT2` T`QpB/2b T`QQ7b QMHv 7Q` i?2 Q`B2MiiBQMb f - fb- M/
fff - #2+mb2 i?Qb2 7Q` i?2 Qi?2` Q`B2MiiBQMb `2 bBKBH`X h?2`27Q`2 BM i?Bb i?2bBb- r2
T`2b2Mi T`QQ7b 7Q` i?2 Qi?2` Q`B2MiiBQMb b- bf - M/ bfb- iQ bmTTQ`i i?2 #Qp2 TT2`X
jXRX Ji`Bt LQiiBQM
jXRXRX 6`QK _2T`2b2MiiBQMb iQ ``Qrb
h?2Q`2K jXRXRX G2i τn #2 M Q`B2MiiBQM Q7 M An(τn) [mBp2`X h?2`2 Bb M BbQKQ`T?BbK
Q7 +i2;Q`B2b
repCL(τn) ∼= arr(repAn(τn)).
S`QQ7X M BbQKQ`T?BbK 7mM+iQ` F : repCL(τn) → arr(repAn(τn)) +M #2 +QMbi`m+i2/
#v iFBM;  T2`bBbi2M+2 KQ/mH2 M ∈ repCL(τn) iQ i?2 KQ`T?BbK /2}M2/ #v M 7`QK
Bib #QiiQK `Qr iQ Bib iQT `QrX aBKBH`Hv-  KQ`T?BbK #2ir22M irQ T2`bBbi2M+2 KQ/mH2b
λ : M → N /2}M2b  KQ`T?BbK F (λ) #2ir22M i?2 +Q``2bTQM/BM; ``Qrb F (M)- F (N)
BM i?2 Q#pBQmb rvX
h?2 BbQKQ`T?BbK F : repCL(τn) → arr(repAn(τn)) +QMbi`m+i2/ #Qp2 2M#H2b mb iQ
B/2MiB7v  T2`bBbi2M+2 KQ/mH2 M QM CL(τn) rBi? i?2 +Q``2bTQM/BM; ``Qr F (M)X
Rd
*?Ti2` jX Ji`Bt J2i?Q/
jXRXkX 6`QK ``Qrb iQ Ji`Bt 6Q`K
6Bt M Q`B2MiiBQM τnX q2 /2}M2 i?2 7QHHQrBM; bvK#QH 7Q` +QMp2MB2M+2X
.2}MBiBQM jXRXkX h?2 `2HiBQM " QM i?2 b2i { I[b, d] | 1 ≤ b ≤ d ≤ n } Q7 HH BMi2`pH
`2T`2b2MiiBQMb Q7 An(τn) Bb /2}M2/ b 7QHHQrbX
I[a, b] " I[c, d]⇐⇒ Hom(I[a, b], I[c, d]) ̸= 0.
Ai +M #2 +QM}`K2/ i?i " Bb `2~2tBp2 M/ MiBbvKK2i`B+R- #mi BM ;2M2`H Bb MQi
i`MbBiBp2X a22 1tKTH2 jXRX9 #2HQrX aBM+2 r2 mb2 i?2 bK2 bvK#QHb I[b, d] 7Q` HH
An(τn)- i?2 `2HiBQM " /2T2M/b QM i?2 mM/2`HvBM; Q`B2MiiBQM τnX 6Q` BMbiM+2- QM2 +M
2bBHv +?2+F i?i I[2, 2] " I[1, 2] 7Q` τ2 = f - #mi I[2, 2] ̸" I[1, 2] 7Q` τ2 = bX >2`2- r2 mb2
i?2 7QHHQrBM; 2tT`2bbBQM I[a, b] ◃ I[c, d] B7 I[a, b] " I[c, d] M/ I[a, b] ̸= I[c, d]X
G2KK jXRXjX G2i I[a, b], I[c, d] #2 BMi2`pH `2T`2b2MiiBQMb Q7 An(τn)X
RX h?2 /BK2MbBQM Q7 Hom(I[a, b], I[c, d]) b  K@p2+iQ` bT+2 Bb 2Bi?2` 0 Q` 1X
kX  K@p2+iQ` bT+2 #bBb {f c:da:b} +M #2 +?Qb2M 7Q` 2+? MQMx2`Q Hom(I[a, b], I[c, d])
bm+? i?i B7 I[a, b] " I[c, d]- I[c, d] " I[e, f ] M/ I[a, b] " I[e, f ]- i?2M






RX h?2 MQiiBQM [a, b] = {a, a + 1, . . . , b} Bb mb2/ iQ /2MQi2 i?2 BMi2`pH Q7 BMi2;2`b
i rBi? a ≤ i ≤ bX *QMbB/2` g = {gi}ni=1 ∈ Hom(I[a, b], I[c, d]) M/ bmTTQb2 i?i
Hom(I[a, b], I[c, d]) Bb MQMx2`QX
LQi2 i?i gi = 0 7Q` i /∈ [a, b] ∩ [c, d]X Ai 7QHHQrb i?i B7 [a, b] ∩ [c, d] = ∅- i?2M
Hom(I[a, b], I[c, d]) = {0}-  +QMi`/B+iBQMX h?2`27Q`2 [a, b] ∩ [c, d] ̸= ∅X
6Bt M BM/2t j ∈ [a, b]∩ [c, d] ̸= ∅X q2 +HBK i?i gi = gj 7Q` Mv i ∈ [a, b]∩ [c, d]-
#v i?2 +QKKmiiBpBiv `2[mB`2K2Mi QM KQ`T?BbKbX hQ BHHmbi`i2 i?Bb TQBMi- bmTTQb2












7Q` i?2 i@i? Q`B2MiiBQM f Q` b- `2bT2+iBp2HvX  bBKBH` `;mK2Mi /2KQMbi`i2b i?i
i?2 +HBK T`2b2Mi2/ #Qp2 ?QH/b 7Q` i = j− 1 rBi? i ∈ [a, b]∩ [c, d]X _2T2iBM; i?Bb
`;mK2Mi- QM2 Q#iBMb gi = gj b HQM; b i ∈ [a, b] ∩ [c, d]X
*QMb2[m2MiHv- Mv KQ`T?BbK g Bb /2i2`KBM2/ mMB[m2Hv #v Bib pHm2 gj 7Q` bQK2
j ∈ [a, b] ∩ [c, d]X h?Bb T`QpB/2b M BbQKQ`T?BbK Q7 K@p2+iQ` bT+2b
Hom(I[a, b], I[c, d]) ∼= HomK(K,K)
RI[a, b] " I[c, d] M/ I[c, d] " I[a, b] BKTHv I[a, b] = I[c, d]X
R3
jXRX Ji`Bt LQiiBQM
#v iFBM; g iQ gjX
aBM+2 HomK(K,K) ∼= K- QM2 +M +QM+Hm/2 i?i B7 Hom(I[a, b], I[c, d]) Bb MQMx2`Q-
i?2M Bib /BK2MbBQM Bb 1X







idK B7 i ∈ [a, b] ∩ [c, d],
0 Qi?2`rBb2.
h?2 /Bb+mbbBQM T`2b2Mi2/ #Qp2 BM/B+i2b i?i f c:da:b Bb BM Hom(I[a, b], I[c, d])- M/
i?i Mv g ∈ Hom(I[a, b], I[c, d]) +M #2 r`Bii2M b g = gj(1)f c:da:b 7Q` Mv j ∈
[a, b] ∩ [c, d]X JQ`2Qp2`- #v +QMbi`m+iBQM- i?Bb +?QB+2 Q7 f c:da:b biBb}2b 1[X UjXRVX
1tKTH2 jXRX9X qBi? Q`B2MiiBQM τn = ff · · · f - i?2 ?QKQKQ`T?BbK bT+2b `2
Hom(I[a, b], I[c, d]) =
{
Kf c:da:b , c ≤ a ≤ d ≤ b,
0, Qi?2`rBb2.







idK , a ≤ i ≤ d,
0, Qi?2`rBb2X
qBi? n = 2- I[2, 2] " I[1, 2] M/ I[1, 2] " I[1, 1]- #mi I[2, 2] ̸" I[1, 1]X h?Bb `2bmHi HbQ
T`QpB/2b M 2tKTH2 BHHmbi`iBM; i?i " Kv MQi #2 i`MbBiBp2X
6Q` +QMp2MB2M+2- r2 /2}M2 f c:da:b = 0 7Q` i?2 +b2 I[a, b] ̸" I[c, d]X
LQr- H2iiBM; M #2  `2T`2b2MiiBQM Q7 CL(τn) rBi? n ≤ 4- #v i?2 BbQKQ`T?BbK F :
repCL(τn) ∼= arr(repAn(τn)) BM h?2Q`2K jXRXR- M Bb B/2MiB}2/ rBi? Bib +Q``2bTQM/BM;
``Qr F (M) : V → W BM arr(repAn(τn))X LQi2 i?i V Bb BM repAn(τn) M/ +M i?2`27Q`2
#2 /2+QKTQb2/ b
ηV : V ∼=
⊕
1≤a≤b≤n
I[a, b]ma,b , (ma,b ∈ Z≥0, KmHiBTHB+Biv) UjXkV
b BM 1[X UkXkVX  bBKBH` BbQKQ`T?BbK ηW +M #2 Q#iBM2/ 7Q` W X h?`Qm;? i?2b2
BbQKQ`T?BbKb- /2}M2








I[c, d]m′c,d . UjXjV
AM 7+i- (ηV , ηW ) : F (M)→ Φ Bb M BbQKQ`T?BbK BM arr(repAn(τn))X







*?Ti2` jX Ji`Bt J2i?Q/
r?2`2 2+? #HQ+F Ki`Bt 2Mi`v Φc:da:b : I[a, b]ma,b → I[c, d]m
′
c,d Bb Q#iBM2/ 7`QK Φ #v i?2







I[c, d]m′c,d I[c, d]m′c,d .ι Φ π UjX9V
AM  bBKBH` KMM2`- 2+? #HQ+F Φc:da:b +M #2 2tT`2bb2/ 7m`i?2` b  Ki`Bt Q7 ?QKQKQ`@
T?BbKb
Φc:da:b = [gi,j], (1 ≤ i ≤ ma,b, 1 ≤ j ≤ m′c,d),
r?2`2 2+? gi,j ∈ Hom(I[a, b], I[c, d])X
6Q` BMi2`pHb I[a, b] " I[c, d]- T`i irQ Q7 G2KK jXRXj b?Qrb i?i 7Q` 2+? i- j QM2 +M






a:b B7 I[a, b] " I[c, d],
0 Qi?2`rBb2,
r?2`2 2+? M c:da:b Bb M m′c,d ×ma,b Ki`Bt rBi? 2Mi`B2b BM KX hQ bmKK`Bx2- r2 /2}M2
i?2 7QHHQrBM;X
.2}MBiBQM jXRX8X G2i M #2  T2`bBbi2M+2 KQ/mH2 QM CL(τn)X h?2 #HQ+F Ki`Bt 7Q`K












r?2`2 2+? Φc:da:b Bb /2}M2/ b T`2b2Mi2/ BM 1[X UjX9VX
AM i?2 Ki`Bt 7Q`KHBbK- r2 H#2H i?2 `Qrb M/ +QHmKMb Q7 i?2 #HQ+F Ki`Bt +Q``2@
bTQM/BM; iQ i?2 bmKKM/ I[a, b]ma,b #v a:bX q2 bv i?i i?2 #HQ+F Φc:da:b Bb BM `Qr c:d M/
+QHmKM a:bX
jXRXjX S2`KBbbB#H2 PT2`iBQMb
Hi?Qm;? r2 ?p2 r`Bii2M Φ BM #HQ+F Ki`Bt 7Q`K- MQi HH Q7 i?2 mbmH `Qr M/ +QH@
mKM QT2`iBQMb QM K@Ki`B+2b +Q``2bTQM/ iQ  K2MBM;7mH +?M;2 Q7 #bBbX h?2 7+i
i?i i?2`2 2tBbi bQK2 TB`b Q7 BMi2`pHb r?2`2 Hom(I[a, b], I[c, d]) Bb x2`Q H2/b iQ bQK2
+QKTHB+iBQMbX















+QKKmi2b M/ Φ′ = S−1ΦRX P#b2`pBM; i?i i?2 /QKBM M/ +Q/QKBM Q7 R `2 /B`2+i
bmKKiBQMb- R +M #2 r`Bii2M BM  Ki`Bt 7Q`K R = [Rc:da:bf c:da:b ]I[a,b]"I[c,d] `2HiBp2 iQ i?2K-
ky
jXRX Ji`Bt LQiiBQM
#v M `;mK2Mi bBKBH` iQ i?i K/2 7Q` ΦX aBKBH`Hv- S +M #2 r`Bii2M BM Ki`Bt 7Q`KX
Ai +M #2 +?2+F2/ i?i (R, S) : Φ′ → Φ Bb M BbQKQ`T?BbK B7 M/ QMHv B7 HH i?2 /B;QMH
2Mi`B2b Ra:ba:b M/ Sa:ba:b `2 BMp2`iB#H2X
>2`2BM7i2`- +QHmKM QT2`iBQMb `2 /Bb+mbb2/- bbmKBM; S b i?2 B/2MiBivX AM MHQ;v
iQ mbmH HBM2` H;2#`- +QHmKM QT2`iBQMb QM Φ +Q``2bTQM/ iQ  +?M;2 Q7 BMi2`pH
bmKKM/b BM/m+2/ #v RX "2HQr- }t  +QHmKM a:b M/ bmTTQb2 i?i I[a, b] " I[c, d]X


















r?2`2 ΦR Bb +QKTmi2/ b  mbmH KmHiBTHB+iBQM Q7 #HQ+F Ki`B+2bX AM i?2 Hbi bi2T-
r2 mb2/ i?2 T`QT2`iv i?i f c:de:f f e:fa:b = f c:da:b b ;m`Mi22/ #v G2KK jXRXjX LQi2 i?i i?2
`2bmHiBM; +Q2{+B2Mi Q7 f c:da:b #Qp2 BMpQHp2b QMHv //BiBQM M/ KmHiBTHB+iBQM Q7K@Ki`B+2bX












AM i?Bb 7Q`K- r2 b22 i?i- T`i 7`QK  +?M;2 Q7 #bBb Ra:ba:b rBi?BM i?2 +QHmKM a:b- r2
HbQ T2`KBi i?2 //BiBQM Q7 KmHiBTH2b Q7 +QHmKMb e:f rBi? I[a, b] ◃ I[e, f ]X  bBKBH`
MHvbBb +M #2 T2`7Q`K2/ 7Q` `Qr QT2`iBQMbX
6Q` 2tKTH2- QM2 +M +QMbB/2`  T2`bBbi2M+2 KQ/mH2 M QM CL2(f) +Q``2bTQM/BM; iQ
Φ =


















aBM+2 1:1 ̸" 1:2- 1:1 ̸" 2:2- 1:2 ̸" 2:2- M/ 2:2 ̸" 1:1- i?2 #HQ+Fb BM i?2 +Q``2bTQM/BM;
TQbBiBQMb `2 x2`QX M miQKQ`T?BbK R QM V = I[2, 2]m2,2 ⊕ I[1, 2]m1,2 ⊕ I[1, 1]m1,1 b






























































aBM+2 f 1:11:2 f 1:22:2 = 0- i?2 HQr2` H27i +Q`M2` Bb biBHH  x2`Q #HQ+F- b +M #2 2tT2+i2/X
jXkX H;Q`Bi?K
jXkXRX AMTmi M/ LQiiBQM
G2i τn #2 M Q`B2MiiBQM 7Q` n ≤ 4 M/ M #2  T2`bBbi2M+2 KQ/mH2 QM CL(τn)X AM
i?2 T`2pBQmb b2+iBQM- r2 +QMbi`m+i2/ i?2 #HQ+F Ki`Bt Φ(M) = [Φc:da:b] = [M c:da:bf c:da:b ]
bbQ+Bi2/ iQ M X hrQ #HQ+Fb i /BbiBM+i 2Mi`B2b `2 bB/ iQ #2 +QHmKM U`QrV M2B;?#Q`b
B7 i?2v `2 BM i?2 bK2 +QHmKM U`QrVX L2B;?#Q`b M22/ MQi #2 /B`2+iHv /D+2Mi iQ QM2
MQi?2` BM i?2 #HQ+F Ki`BtX "v M #mb2 Q7 MQiiBQM- r2 H2i (c:d, a:b) `272``BM; iQ `Qr
c:d M/ +QHmKM a:b HbQ `272` iQ i?2 #HQ+F Ubm#Ki`BtV HQ+i2/ i i?i 2Mi`vX
_2+HH i?i i?2 p2`iB+2b Q7 i?2 _ [mBp2` Γ(An(τn)) Q7 An(τn) `2 BM #BD2+iBp2 +Q`@
`2bTQM/2M+2 iQ i?2 BMi2`pH `2T`2b2MiiBQMbX 6Q` i?i `2bQM- i?2 [mBp2` bi`m+im`2 Q7
Γ(An(τn)) Mim`HHv BM/m+2b  T`iBH Q`/2` QM i?2 b2i Q7 BMi2`pHb #v ;QBM; 7`QK bQm`+2
p2`iB+2b iQ bBMF p2`iB+2bX  iQiH Q`/2` ≺ 2ti2M/BM; i?Bb +M #2 }t2/ #v `2bQHpBM; K#B@
;mBiB2b mbBM; `2p2`b2 H2tB+Q;`T?B+ Q`/2` QM i?2 TB`b (b, d)X 6Q` 2tKTH2- #2+mb2 A3(bf)




QM2 Q#iBMb i?2 Q`/2` 3:3 ≺ 1:1 ≺ 1:3 ≺ 2:3 ≺ 1:2 ≺ 2:2X >2`2- i?2 K#B;mBiB2b `2
`2bQHp2/ b 3:3 ≺ 1:1- M/ 2:3 ≺ 1:2X q2 b?HH mb2 ≺ iQ Q`/2` i?2 +QHmKMb M/ `Qrb Q7
i?2 #HQ+F Ki`BtX
6BMHHv- r2 /2}M2 i?2 /i i?i b2`p2 b BMTmi iQ H;Q`Bi?K RX
.2}MBiBQM jXkXRX G2i M #2  T2`bBbi2M+2 KQ/mH2 QM CL(τn)X h?2 #HQ+F Ki`Bt T`Q#H2K
Q7 M Bb i?2 #HQ+F Ki`Bt Φ(M)- iQ;2i?2` rBi? T2`KBbbB#H2 QT2`iBQMb- M/ rBi? `Qrb
M/ +QHmKMb Q`/2`2/ b T`2b2Mi2/ #2HQrX
RX A7 I[a, b] " I[c, d]- i?2M QT2`iBQMb 7`QK `Qr a:b iQ `Qr c:d `2 T2`KBbbB#H2X
kk
jXkX H;Q`Bi?K
kX A7 I[a, b] " I[c, d]- i?2M QT2`iBQMb iQ +QHmKM a:b 7`QK +QHmKM c:d `2 T2`KBbbB#H2X
*QHmKMb `2 Q`/2`2/ 7`QK H27i iQ `B;?i BM BM+`2bBM; ≺- r?2`2b `Qrb 7`QK iQT iQ #QiiQK
`2 BM /2+`2bBM; ≺X
h?2 T2`KBbbB#H2 QT2`iBQMb `2 i?2 `mH2b /2`Bp2/ BM am#b2+iBQM jXRXjX TTHvBM; i?2b2
QT2`iBQMb `2bmHib BM  #HQ+F Ki`Bt BbQKQ`T?B+ iQ Φ(M)X 6Q` +QMp2MB2M+2- r2 /BbiBM;mBb?
i?2 T2`KBbbB#H2 QT2`iBQMb i?i QT2`i2 QMHv rBi?BM  }t2/ `Qr Q` +QHmKM #HQ+FX M
BMM2` `Qr U+QHmKMV QT2`iBQM Bb  `Qr U+QHmKMV QT2`iBQM i?i QMHv z2+ib K@p2+iQ`
`Qrb U+QHmKMbV rBi?BM bQK2 }t2/ `Qr U+QHmKMV a:bX
_2+HHBM; i?i B7 I[a, b] ̸" I[c, d]- i?2M i?2 #HQ+F (c:d, a:b) Bb Hrvb x2`Q- 2p2M 7i2` i?2
TTHB+iBQM Q7 Mv T2`KBbbB#H2 QT2`iBQMX hQ /BbiBM;mBb? i?2K 7`QK Qi?2` #HQ+Fb i?i
`2 MmK2`B+HHv x2`Q- r2 /2bB;Mi2 i?2K #v ∅ M/ +HH i?2b2 #HQ+Fb bi`QM;Hv x2`Q #HQ+FbX
Pi?2`rBb2- 7Q` I[a, b] " I[c, d]- r2 mb2 i?2 bvK#QH ∗ iQ `2T`2b2Mi i?2 #HQ+F M c:da:b i
(c:d, a:b)- r?B+? BM/B+i2b i?i i?2b2 #HQ+Fb `2 bQ 7` mMT`Q+2bb2/X b r2 QT2`i2 QM
i?2 #HQ+F Ki`Bt- i?2B` biimb rBHH #2 T`Q+2bb2/ iQ 2Bi?2` M B/2MiBiv Ki`Bt E Q`  x2`Q
Ki`Bt 0X
LQiiBQM RX hQ /2MQi2 i?2 TQbbB#H2 #HQ+F biimb2b- r2 mb2 i?2 7QHHQrBM; p`B#H2b,
Ç ∗ 7Q` mMT`Q+2bb2/ #HQ+Fb-
Ç ∅ 7Q` bi`QM;Hv x2`Q #HQ+Fb-
Ç E 7Q` B/2MiBiv #HQ+Fb UQ7 TT`QT`Bi2 bBx2bV- M/
Ç 0 7Q` x2`Q #HQ+Fb UQ7 TT`QT`Bi2 bBx2bVX
"HQ+Fb K`F2/ b ∅- E- M/ 0 `2 +QMbB/2`2/ T`Q+2bb2/X
h?2 #HQ+F Ki`Bt KB;?i ?p2 MmK2`B+HHv B/2MiBiv Q` x2`Q #HQ+Fb- Hi?Qm;? r2 H#2H
i?2B` biimb b #2BM; mMT`Q+2bb2/ ∗X h?Bb biimb K2`2Hv `2~2+ib i?2 7+i i?i i?2v ?p2
MQi v2i #22M 2tKBM2/ M/ }t2/ i?`Qm;? i?2 +Qm`b2 Q7 i?2 H;Q`Bi?KX
1tKTH2 jXkXkX h?2 #HQ+F Ki`Bt T`Q#H2K +Q``2bTQM/BM; iQ  T2`bBbi2M+2 KQ/mH2 QM
CL3(bf) ?b i?2 7Q`K Q7
∅ ∅ ∗ ∗ ∗ ∗
∅ ∗ ∗ ∅ ∗ ∅
∗ ∅ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅









3:3 1:1 1:3 2:3 1:2 2:2
.
jXkXkX H;Q`Bi?K
:Bp2M  T2`bBbi2M+2 KQ/mH2 M QM CL(τn) r?2`2 n ≤ 4- i?2 BMTmi iQ H;Q`Bi?K R Bb i?2
#HQ+F Ki`Bt T`Q#H2K Q7M X "2HQr- r2 b?HH HbQ mb2 i?2 MQiiBQMM iQ /2MQi2 i?2 #HQ+F
Ki`Bt T`Q#H2K bbQ+Bi2/ iQ i?2 T2`bBbi2M+2 KQ/mH2 M X
kj
*?Ti2` jX Ji`Bt J2i?Q/
h?2 H;Q`Bi?K mb2b i?2 7QHHQrBM; irQ 7+ibX :Bp2M  mbmH K@Ki`Bt N - i?2`2 2tBbi
BMp2`iB#H2 Ki`B+2b R M/ S UQ7 TT`QT`Bi2 bBx2bV bm+? i?i RNS = [ E 00 0 ]-  aKBi?
MQ`KH 7Q`KX *QMb2[m2MiHv- mbBM; TT`QT`Bi2 BMM2` `Qr M/ +QHmKM QT2`iBQMb-  #HQ+F
∗ +M #2 i`Mb7Q`K2/ BMiQ i?2 7Q`K [ E 00 0 ]X J2Mr?BH2- mbBM; bQK2 B/2MiBiv bm#Ki`Bt
E-  `Qr U+QHmKMV M2B;?#Q` ∗ +M #2 x2`Q2/ Qmi mbBM; TT`QT`Bi2 T2`KBbbB#H2 +QHmKM
U`QrV QT2`iBQMbX *QKTHB+iBQMb `Bb2 7`QK i?2 bB/2 2z2+ib Q7 i?2b2 QT2`iBQMbX
H;Q`Bi?K R JBM H;Q`Bi?KX AMTmi,  #HQ+F Ki`Bt T`Q#H2K M
R, T`Q+2/m`2 Ki`Btn`2/m+iBQMUMV
k, r?BH2 M ?b mMT`Q+2bb2/ bm#Ki`B+2b /Q
j, v∗ ← i?2 #QiiQKKQbi ∗ #HQ+F Q7 i?2 `B;?iKQbi +QHmKM rBi? ∗ #HQ+Fb BM M
9, FR ← `QrnbB/2n2772+iUv∗V
8, FC ← +QHnbB/2n2772+iUv∗V
e, h`Mb7Q`K v∗ iQ aKBi? MQ`KH 7Q`K #v BMM2` QT2`iBQMb QM M X
d, 7Q` HH v′ ∈ FR /Q +QHn7BtUv′V
3, 7Q` HH v′ ∈ FC /Q `Qrn7BtUv′V
N, lT/i2 i?2 T`iBiBQMBM; Q7 #HQ+Fb BM #HQ+F Ki`Bt M X
Ry, r?BH2 i?2`2 2tBbi MQMx2`Q #HQ+Fb vt rBi? (p← 2`b#H2(vt)) MQi MmHH /Q
RR, w2`Q Qmi vt pB i?2 T`Q+2/m`2 BM/B+i2/ #v pX
h?2 KBM r?BH2 HQQT Q7 H;Q`Bi?K R +M #2 /BpB/2/ #`Q/Hv BMiQ 7Qm` KBM T`ibX
RX h`Mb7Q`K QM2 TT`QT`Bi2 #HQ+F v∗ BMiQ  aKBi? MQ`KH 7Q`K UGBM2 eV #v BMM2`
`Qr M/ +QHmKM QT2`iBQMb QM M X
kX h?2 QT2`iBQMb T2`7Q`K2/ BM i?2 T`2pBQmb T`i Kv z2+i i?2 7Q`Kb Q7 M2B;?#Q`BM;
B/2MiBiv #HQ+FbX q2 i`Mb7Q`K i?2K #+F iQ B/2MiBiv #HQ+Fb UGBM2b d M/ 3VX
jX lT/i2 i?2 T`iBiBQMBM; Q7 i?2 #HQ+Fb UGBM2 NVX 7i2` Q#iBMBM; i?2 aKBi? MQ`KH
7Q`K [ E 00 0 ]- r2 bTHBi mT +QHmKMb M/ `Qrb bQ i?i 2+? B/2MiBiv Ki`Bt E Bb Bib QrM
#HQ+F BM M X
9X :`22/BHv x2`Q Qmi 2`b#H2 #HQ+Fb v #v //BiBQM Q7 KmHiBTH2b Q7 B/2MiBiv #HQ+FbX
q2 }`bi BHHmbi`i2 T`ib QM2 iQ i?`22 #v M 2tKTH2 #b2/ QM i?2 bbmKTiBQM i?i
M = ∗ ∗ v∗∗ ∅ E
[ ]
r?2`2 QT2`iBQMb 7`QK `Qr 1 iQ `Qr 2 M/ pB+2 p2`b `2 BKT2`KBbbB#H2X PM2 Q#iBMb
M = ∗ ∗ v∗
∗ ∅ E
⎡⎣ ⎤⎦ 1.∼= ∗ ∗ E 00 0
∗ ∅ S
⎡⎣ ⎤⎦ 2.∼= ∗ ∗ E 00 0
∗ ∅ E
⎡⎣ ⎤⎦,
r?2`2 i?2 MmK#2`b #Qp2 i?2 BbQKQ`T?BbKb `2T`2b2Mi i?2 T`Q+2/m`2b #2BM; T2`7Q`K2/X
k9
jXkX H;Q`Bi?K
AM i?2 }`bi T`i- i?2 #HQ+F v∗ Bb +?Qb2M #v i?2 ?2m`BbiB+ ;Bp2M BM H;Q`Bi?K R M/
GBM2 jX h?2`27Q`2- v∗ Bb /2T2M/2Mi QM i?2 Q`/2`BM; Q7 i?2 `Qrb M/ +QHmKMb- r?B+?
`2 }t2/ BM .2}MBiBQM jXkXRX "v BMM2` QT2`iBQMb QM M - i?2 #HQ+F v∗ Bb i`Mb7Q`K2/
iQ aKBi? MQ`KH 7Q`KX AM T`iB+mH`- i?2`2 `2 BMp2`iB#H2 Ki`B+2b R M/ S bm+? i?i
Rv∗S = [ E 00 0 ]X
H;Q`Bi?K k
R, 7mM+iBQM +QHnbB/2n2772+iUvV
k, `2im`M { v′ | v′ Bb M B/2MiBiv +QHmKM M2B;?#Q` Q7 v }
R, 7mM+iBQM `QrnbB/2n2772+iUvV
k, `2im`M { v′ | v′ Bb M B/2MiBiv `Qr M2B;?#Q` Q7 v }
L2ti- i?2 #HQ+F E #2HQr v∗ #2+QK2b ES = S- TQbbB#Hv MQi M B/2MiBiv Ki`BtX h?Bb
+?M;2 Bb `2+Q`/2/ b  bB/2 2z2+iX aBM+2 S Bb BMp2`iB#H2- Bi +M #2 i`Mb7Q`K2/ #+F
mbBM; QMHv BMM2` `Qr QT2`iBQMb BM `Qrn7BtX AM ;2M2`H i?2`2 Kv #2 Qi?2` B/2MiBiv
#HQ+Fb BM i?2 bK2 `Qr b S r?Qb2 7Q`Kb `2 z2+i2/ #v i?2b2 `Qr QT2`iBQMbX hQ }t
i?2K- r2 `2+m`bBp2Hv +HH `Qrn7Bt M/ +QHn7Bt BM H;Q`Bi?K jX *?2+FBM; i?i i?Bb




k, V ′ ← +QHnbB/2n2772+i(v)
j, h`Mb7Q`K v iQ M B/2MiBiv #v BMM2` +QHmKM QT2`iBQMb QM M X
9, 7Q` HH v′ ∈ V ′ /Q `Qrn7Bt(v′)
R, 7mM+iBQM `Qrn7BtUvV
k, V ′ ← `QrnbB/2n2772+i(v)
j, h`Mb7Q`K v iQ M B/2MiBiv #v BMM2` `Qr QT2`iBQMb QM M X
9, 7Q` HH v′ ∈ V ′ /Q +QHn7Bt(v′)
AM T`i i?`22- i?2 #HQ+F Ki`Bt T`iBiBQMBM; Bb mT/i2/ iQ BbQHi2 i?2 B/2MiBiv #HQ+Fb
EX "Qi? i?2 `Qr M/ +QHmKM Q7 v∗ `2 bTHBi BMiQ irQX q2 Q#iBM
M ∼= · · · 3.=
∗ ∗ E 0
∗ ∗ 0 0
∗ ∅ E 0
∗ ∅ 0 E
⎡⎢⎢⎢⎣
⎤⎥⎥⎥⎦.
"2+mb2 v∗ ?b  +QHmKM M2B;?#Q` E- i?2 #QiiQK `Qr Kmbi HbQ #2 bTHBi iQ BbQHi2 i?2
T`ib Q7 i?2 QH/ B/2MiBiv #HQ+FX
6BMHHv- r2 /Bb+mbb T`i 7Qm`X PM2 bBKTH2 +b2 7Q`  i`;2i #HQ+F vt iQ #2 2`b#H2 Bb
r?2M vt = (r, c) ?b  +QHmKM M2B;?#Q` B/2MiBiv #HQ+F vE = (r′, c) i?i ?b MQ MQMx2`Q
`Qr M2B;?#Q`b- M/ bm+? i?i `Qr QT2`iBQMb 7`QK `Qr r′ iQ `Qr r `2 T2`KBbbB#H2X lbBM;
k8
*?Ti2` jX Ji`Bt J2i?Q/
T2`KBbbB#H2 `Qr QT2`iBQMb- i?2 #HQ+F vt +M #2 x2`Q2/ Qmi #v //BiBQM Q7  KmHiBTH2 Q7
i?2 B/2MiBiv #HQ+F vEX  bBKBH` bii2K2Mi ?QH/b B7 i?2`2 2tBbib  `Qr M2B;?#Q` B/2MiBiv
#HQ+F vE biBb7vBM; bBKBH` +QM/BiBQMbX
h?2 +b2b #Qp2 T`2b2Mi MQ bB/2 2z2+ibX AM ;2M2`H- x2`QBM; Qmi i?2 i`;2i #HQ+F vt #v
//BiBQM Q7 KmHiBTH2b Q7  `Qr U+QHmKMV Kv +?M;2 i?2 7Q`Kb Q7 Qi?2` T`Q+2bb2/ #HQ+FbX
q2 b2T`i2 i?2 +b2b Q7 `Qr M/ +QHmKM 2`b#BHBiv BM H;Q`Bi?K 9X
H;Q`Bi?K 9
R, 7mM+iBQM 2`b#H2Uvt- vf 4 MmHH- visited = {}V
k, B7 `Qrn2`b#H2Uvt- vf - visitedV Bb MQi MmHH i?2M
j, `2im`M `Qrn2`b#H2Uvt- vf - visitedV
9, 2Hb2 B7 +QHn2`b#H2Uvt- vf - visitedV Bb MQi MmHH i?2M
8, `2im`M +QHn2`b#H2Uvt- vf - visitedV
e, 2Hb2
d, `2im`M MmHH
AM x2`QBM; Qmi i?2 i`;2i vt- r2 pQB/ +?M;BM; i?2 7Q`K Q7 Mv T`2pBQmbHv Q#iBM2/
B/2MiBiv #HQ+FX Ai Bb HbQ TQbbB#H2 i?i  x2`Q #HQ+F v′t Kv #2+QK2 MQMx2`Q b  bB/2
2z2+iX h?2 H;Q`Bi?K 2Mbm`2b i?i B7 i?Bb Q++m`b- i?2M v′t +M M/ rBHH #2 i`Mb7Q`K2/
#+F iQ 0 ;BMX Ai2`iBp2Hv- `2TB`BM; i?2b2 bB/2 2z2+ib Kv BMi`Q/m+2 KQ`2 bB/2 2z2+ibX
h?2`27Q`2- r2 `2+m`bBp2Hv +HH QM Qm` +?2+F 7Q` 2`b#BHBiv QM 2+? bB/2 2z2+iX hQ pQB/
Mv BM}MBi2 `2+m`bBQM- r2 F22T i`+F Q7 i?2 i`;2ib vt pBbBi2/- M/ pBbBi 2+? #HQ+F b 
i`;2i i KQbi QM+2 7Q` 2+? iQT@H2p2H +HH iQ 2`b#H2X
A7 i?2 +QM/BiBQMb #Qp2 +M #2 biBb}2/- i?2M i?2 7mM+iBQM 2`b#H2 `2im`Mb  }MBi2
/B`2+i2/ i`22- +HH2/ i?2 T`Q+2bb i`22- r?B+? `2+Q`/b i?2 T`Q+2/m`2 iQ x2`Q Qmi vtX 1+?
p2`i2t BM  T`Q+2bb i`22 Bb H#2H2/ rBi?  TB` (vt, vE) Q7  i`;2i #HQ+F M/ M B/2MiBiv
#HQ+F i?i +M #2 mb2/ iQ x2`Q Qmi vtX h?2 bm++2bbQ` p2`iB+2b (v′t, v′E) Q7  p2`i2t (vt, vE)
+QMbBbi Q7 HH v′t i?i TT2` b bB/2 2z2+ib BM i?2 QT2`iBQM iQ x2`Q Qmi vt mbBM; vEX
A7 MQ bm+? T`Q+2/m`2 +M #2 7QmM/- i?2M 2`b#H2 `2im`Mb  MmHH U2KTivV T`Q+2bb
i`22X h?Bb K2Mb i?i i?2 #HQ+F BM [m2biBQM Bb /2+H`2/ b MQi #2BM; 2`b#H2 BM i?2
+m``2Mi bi2T Q7 i?2 H;Q`Bi?KX
L2ti- r2 /Bb+mbb /2iBHb Q7 `Qrn2`b#H2 BM H;Q`Bi?K 8X AM GBM2 k- i?2 7mM+iBQM
+QHnbB/2n2772+i(vt) Bb mb2/ iQ Q#iBM +M/B/i2 B/2MiBiv #HQ+Fb vEX q2 +QMbB/2` QMHv
mMpBbBi2/ #HQ+Fb vE r?2`2 i?2 `Qr QT2`iBQM 7`QK vE iQ vt Bb T2`KBbbB#H2- M/ r?2`2 vE
Bb MQi i?2 ~;;2/ #HQ+F vf X Aib Tm`TQb2 Bb +H`B}2/ #2HQrX
LQr- MQMx2`Qn`QrnM2B;?#Q`b(vE) Bb /2}M2/ iQ `2im`M i?2 b2i Q7 `Qr M2B;?#Q`b
u Q7 vE i?i `2 M2Bi?2` x2`Q MQ` bi`QM;Hv x2`QX 1+? u +M TQi2MiBHHv BM/m+2  bB/2
2z2+i- r?B+? r2 +?2+F QM2 #v QM2X hQ BHHmbi`i2- +QMbB/2` i?2 7QHHQrBM; ``M;2K2Mi
XXX XXX
· · · u · · ·vE · · ·XXX XXX







H;Q`Bi?K 8 *?2+F r?2i?2` Q` MQi vt Bb `Qr 2`b#H2 rBi?Qmi mbBM; #HQ+F vf X
R, 7mM+iBQM `Qrn2`b#H2Uvt- vf - visitedV
k, V ′ 4 +QHnbB/2n2772+iUvtV
j, visited← visited ∪ { vt }
9, 7Q` HH vE ∈ V ′ MQi BM visited- vE ̸= vf - M/ `Qr QT2`iBQM 7`QK vE iQ vt
T2`KBbbB#H2 /Q
8, usable← i`m2c subtrees← {}
e, 7Q` HH u ∈ MQMx2`Qn`QrnM2B;?#Q`bUvEV /Q
d, v′t ← i?2 #HQ+F BM bK2 `Qr b vt M/ bK2 +QHmKM b uX
3, B7 v′t Bb BM visited Q` v′t = E i?2M
N, usable← 7Hb2c #`2F
Ry, B7 Uv′t = 0 M/ (p← 2`b#H2(v′t, u, visited)) = MmHHV i?2M
RR, usable← 7Hb2c #`2F
Rk, subtrees← subtrees ∪ {p}X
Rj, B7 usable i?2M
R9, `2im`M T`Q+2bb i`22 rBi? `QQi (vt, vE) M/ ``Qrb iQ i?2 `QQib Q7
subtreesX
R8, `2im`M MmHH
r?2`2 vE Bb i?2 B/2MiBiv #HQ+F mM/2` +QMbB/2`iBQMX >2`2- u Bb  MQMx2`Q `Qr M2B;?#Q`
Q7 vEX aBM+2 r2 rMi iQ // KmHiBTH2b Q7 `Qr r1 iQ r2 iQ x2`Q Qmi vt- i?2 #HQ+F v′t BM i?2
bK2 `Qr r2 b vt M/ i?2 bK2 +QHmKM b u UGBM2 dV KB;?i ?p2 Bib 7Q`K z2+i2/X
h?2 M2ti 72r HBM2b ?M/H2 i?2 +?2+FBM; Q7 #HQ+F v′tX A7 i?2 #HQ+F v′t Bb M B/2MiBiv #HQ+F-
Q` B7 Bi ?b H`2/v #22M pBbBi2/ T`2pBQmbHv- i?2M r2 /Q MQi mb2 `Qr r1X A7 i?2 #HQ+F v′t Bb
x2`Q- r2 Kmbi +?2+F r?2i?2` Q` MQi Bi +M #2 i`Mb7Q`K2/ #+F iQ x2`Q ;BMX >2`2- i?2
~; vf +QK2b BMiQ THvX q2 b2i i?2 ~;;2/ #HQ+F b vf = u BM i?2 +HH iQ 2`b#H2 BM
GBM2 Ry- #2+mb2 r2 /Q MQi rMi iQ mb2 u iQ x2`Q Qmi v′t- i?2`2#v mM/QBM; i?2 QT2`iBQMb
iQ x2`Q Qmi vtX
A7  MQM2KTiv T`Q+2bb i`22 Bb `2im`M2/ #v i?2 iQT@H2p2H +HH iQ 2`b#H2(vt) BM H;Q@
`Bi?K R- i?2M vt Bb 2`b#H2X "v +QMbi`m+iBQM- Bi bm{+2b iQ i`p2`b2 i?2 T`Q+2bb i`22 M/
/Q i?2 QT2`iBQMb BM/B+i2/ iQ x2`Q Qmi vt M/ }t HH bB/2 2z2+ibX
G2i mb bii2 ?2`2 i?2 KBM i?2Q`2K +QM+2`MBM; H;Q`Bi?K RX
h?2Q`2K jXkXjX bbmK2 H;Q`Bi?K R Bb +HH2/ rBi? i?2 #HQ+F Ki`Bt T`Q#H2K +Q``2@
bTQM/BM; iQ  T2`bBbi2M+2 KQ/mH2 M QM  +QKKmiiBp2 H//2` Q7 }MBi2 ivT2X h?2M
H;Q`Bi?K R i2`KBMi2b BM }MBi2 bi2Tb M/ i?2 BMTmi Ki`Bt Bb i`Mb7Q`K2/ iQ M BbQKQ`@
T?B+ #HQ+F Ki`Bt +QMbBbiBM; QMHv Q7 B/2MiBiv- x2`Q- M/ bi`QM;Hv x2`Q #HQ+Fb- M/ r?Qb2
BM/2+QKTQb#H2 /2+QKTQbBiBQM +Q``2bTQM/b iQ M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 M X
q?2i?2` Q` MQi H;Q`Bi?K R i2`KBMi2b /2T2M/b MQi QM i?2 T`iB+mH` T2`bBbi2M+2
KQ/mH2- #mi QM i?2 biimb2b Q7 i?2 #HQ+Fb M/ i?2 biimb +?M;2b #`Qm;?i #Qmi #v i?2
QT2`iBQMbX JQ`2Qp2`- i?2 QT2`iBQMb iQ #2 T2`7Q`K2/ /2T2M/ QMHv QM i?2 ``M;2K2Mi
Q7 i?2 biimb2bX HH i?2b2 /2T2M/ QMHv QM i?2 BMBiBH ``M;2K2Mi- r?B+? BM im`M /2T2M/b
QM i?2 Q`B2MiiBQM τn M/ i?2 Q`/2`BM; +?Qb2M 7Q` i?2 BMi2`pHbX
kd
*?Ti2` jX Ji`Bt J2i?Q/
H;Q`Bi?K e *?2+F r?2i?2` Q` MQi vt Bb +QHmKM 2`b#H2 rBi?Qmi mbBM; #HQ+F vf X
R, 7mM+iBQM +QHn2`b#H2Uvt- vf - visitedV
k, V ′ 4 `QrnbB/2n2772+iUvtV
j, visited← visited ∪ { vt }
9, 7Q` HH vE ∈ V ′ MQi BM visited- vE ̸= vf - M/ +QHmKM QT2`iBQM 7`QK vE iQ vt
T2`KBbbB#H2 /Q
8, usable← i`m2c subtrees← {}
e, 7Q` HH u ∈ MQMx2`Qn+QHnM2B;?#Q`bUvEV /Q
d, v′t ← i?2 #HQ+F BM bK2 +QHmKM b vt M/ bK2 `Qr b uX
3, B7 v′t Bb BM visited Q` v′t = E i?2M
N, usable← 7Hb2c #`2F
Ry, B7 Uv′t = 0 M/ (p← 2`b#H2(v′t, u, visited)) = MmHHV i?2M
RR, usable← 7Hb2c #`2F
Rk, subtrees← subtrees ∪ {p}X
Rj, B7 usable i?2M
R9, `2im`M T`Q+2bb i`22 rBi? `QQi (vt, vE) M/ ``Qrb iQ i?2 `QQib Q7
subtreesX
R8, `2im`M MmHH
6`QK  `2bmHi BM (Re)-  +QKKmiiBp2 H//2` CL(τn) Bb }MBi2 ivT2 B7 M/ QMHv B7 n ≤ 4-
bQ i?i i?2`2 `2 QMHv  }MBi2 MmK#2` Q7 +b2b iQ +?2+FX "2HQr- r2 T`QpB/2 T`QQ7b 7Q`
h?2Q`2K jXkXj rBi? Q`B2MiiBQMb b- bf - M/ bfbX h?2 T`QQ7b 7Q` i?2 Qi?2` Q`B2MiiBQMb
`2 bBKBH`X
6m`i?2`KQ`2- M BM/2+QKTQb#H2 /2+QKTQbBiBQM +M 2bBHv #2 `2/ Qz i?2 `2bmHiBM;
MQ`KH 7Q`K +QMbBbiBM; Q7 QMHv B/2MiBiv- x2`Q- M/ bi`QM;Hv x2`Q #HQ+FX *Q``2bTQM/2M+2
iQ M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 M Bb T`QpB/2/ #v h?2@
Q`2K jXRXRX
q2 r2`2 mM#H2 iQ }M/  T`QQ7 i?i /Q2b MQi BMpQHp2 KMmH +?2+FBM; Q7 2+? TQbbB#H2
Q`B2MiiBQMX :Bp2M  T`iB+mH` T2`bBbi2M+2 KQ/mH2- Bi Bb +H2` i?i 7Q` 2+? +QKTH2i2/
Bi2`iBQM Q7 i?2 KBM r?BH2 HQQT BM H;Q`Bi?K R- i?2 iQiH MmK#2` Q7 b+H` 2Mi`B2b BM
mMT`Q+2bb2/ #HQ+Fb bi`B+iHv /2+`2b2bX JQ`2Qp2`- i?2 T`Q+2/m`2 2`b#H2 pQB/b Mv
BM}MBi2 `2+m`bBQM #v +QMbi`m+iBQMX h?2 /B{+mHiv +QK2b 7`QK i?2 mb2 Q7 H;Q`Bi?K R-
GBM2 j 7Q` +?QQbBM; v∗ M/ bm#b2[m2MiHv b?QrBM; i?i HH bB/2 2z2+ib +M Hrvb #2
`2bQHp2/X
*b2 CL2(b)










AMBiBHHv- HH iQT iQ #QiiQK M/ H27i iQ `B;?i QT2`iBQMb `2 BKT2`KBbbB#H2X h?2 `2/ ``Qrb
BM/B+i2 i?2 //BiBQMH BKT2`KBbbB#H2 QT2`iBQMbX
6B`bi i?2 mMT`Q+2bb2/ #HQ+F i v∗ = (2:2, 2:2) Bb i`Mb7Q`K2/ #v BMM2` 2H2K2Mi`v
QT2`iBQMb iQ aKBi? MQ`KH 7Q`K [ E 00 0 ]X 6m`i?2`KQ`2- v∗ ?b MQ B/2MiBiv M2B;?#Q`, MQ
bB/2 2z2+ib 2tBbi iQ mM/QX
lT/iBM; i?2 #HQ+F T`iBiBQMBM;- i?2 Ki`Bt Bb MQr BM i?2 7Q`K
∅ ∗ E 0
∅ ∗ 0 0
∗ ∗ ∅ ∅









6Q` +QMp2MB2M+2- r2 mb2 bm#b+`BTib iQ /BbiBM;mBb? i?2 irQ +QHmKMb M/ `Qrb +Q``2bTQM/@
BM; iQ 2:2 Q#iBM2/ 7i2` i?2 `2T`iBiBQMBM;X //BiBQMb 7`QK i?2 +QHmKMb BM 2:21 iQ i?2
+QHmKMb BM 1:2 `2 T2`KBii2/X h?2 mMT`Q+2bb2/ bm#Ki`Bt (2:21, 1:2) Bb 2`b#H2 mbBM;
i?2 M2rHv T`Q+2bb2/ E- rBi? MQ bB/2 2z2+ibX h?2`2#v- QM2 Q#iBMb i?2 7Q`K
∅ 0 E 0
∅ ∗ 0 0
∗ ∗ ∅ ∅























r?B+? r2 ?p2 2tT`2bb2/ b  /B`2+i bmK Q7 #HQ+F Ki`B+2bX
>2`2- irQ BM/2+QKTQb#H2 `2T`2b2MiiBQMb Q7 CL2(b) +M #2 2ti`+i2/X h?2 B/2MiBiv
bm#Ki`Bt E BM (2:21, 2:21) Bb
Ef 2:22:2 =
⎡⎢⎢⎢⎣
1f 2:22:2 0 . . . 0
0 1f 2:22:2 . . . 0XXX XXX X X X XXX







b BM i?2 T`QQ7 Q7 G2KK jXRXjX
oB i?2 BbQKQ`T?BbK 7mM+iQ` F BM h?2Q`2K jXRXR- i?2 ``Qr f 2:22:2 BM 1[X UjXeV +M
#2 `2;`/2/ b i?2 +Q``2bTQM/BM; `2T`2b2MiiBQM F−1(f 2:22:2 )X h?Bb Bb BM/2+QKTQb#H2X
*QMb2[m2MiHv- Ef 2:22:2 +Q``2bTQM/b iQ  /B`2+i bmK Q7 m +QTB2b Q7 i?2 `2T`2b2MiiBQM BM
1[X UjXeV- r?2`2 m `2T`2b2Mib i?2 bBx2 Q7 EX
h?2 i?B`/ i2`K BM 1[X UjX8V Bb M 2KTiv Ki`Bt rBi? 0 `Qrb- M/ `2T`2b2Mib i?2 ``Qr
0 : I[2, 2]m1 → 0 BM repA2(b)- r?2`2 m1 `2T`2b2Mib i?2 MmK#2` Q7 K@p2+iQ` +QHmKMb
kN
*?Ti2` jX Ji`Bt J2i?Q/





LQr- i?2 `Qr 2:21 M/ +QHmKMb 2:21, 2:22 BM i?2 #HQ+F Ki`Bt 1[X UjX8V rBHH M2Bi?2`
z2+i MQ` #2 z2+i2/ #v bm#b2[m2Mi QT2`iBQMbX h?2`27Q`2- r2 ?B/2 i?2K 7`QK i?2 #HQ+F






















q2 b22 i?i (2:2, 1:21) Bb 2`b#H2 mbBM; (1:21, 1:21)X h?2 +?2+FBM; pB `Qrn2`b#H2
BM H;Q`Bi?K 8 T`Q+22/b b 7QHHQrbX q?2`2b u = (1:21, 1:1) Bb  MQMx2`Q `Qr M2B;?#Q` Q7
E- i?2 +QKTmi2/ TQi2MiBH bB/2 2z2+i Bb v′t = (2:2, 1:1)X aBM+2 v′t Bb bi`QM;Hv x2`Q- //BiBQM
7`QK `Qr 1:21 rBHH MQi z2+i BiX


















































7i2` i`Mb7Q`KBM; i?2 M2ti i`;2i (2:2, 1:2) iQ aKBi? MQ`KH 7Q`KX h?2 B/2MiBiv bm#K@
i`Bt BM (2:21, 1:21)- i?2 `Qr 2:22- M/ i?2 +QHmKM 1:22 `2bT2+iBp2Hv +Q``2bTQM/ iQ +QTB2b
jy
jXkX H;Q`Bi?K
Q7 i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb rBi? /BK2MbBQM p2+iQ`b 0111- 0100- M/ 0011 b /B`2+i
bmKKM/bX













7i2` i`Mb7Q`KBM; i?2 M2ti i`;2i (1:1, 1:1) iQ MQ`KH 7Q`K- M/ x2`QBM; Qmi 2`b#H2
#HQ+FbX h?2 B/2MiBiv bm#Ki`Bt (1:11, 1:11) M/ i?2 `Qr 1:12 `2bT2+iBp2Hv +Q``2bTQM/ iQ
+QTB2b Q7 i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb rBi? /BK2MbBQM p2+iQ`b 1010 M/ 1000X
##`2pBiBM; ;BM- r2 `2 H27i rBi? ∗[ ]1:2 1:1 X h`Mb7Q`KBM; i?2 Hbi i`;2i (1:2, 1:1)








h?2 B/2MiBiv bm#Ki`Bt (1:21, 1:11)- i?2 `Qr 1:22- M/ i?2 +QHmKM 1:12 `2bT2+iBp2Hv +Q`@
`2bTQM/ iQ +QTB2b Q7 i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb rBi? /BK2MbBQM p2+iQ`b 1110- 1100-
M/ 0010X
"v i?Bb TQBMi- HH TQbbB#H2 BM/2+QKTQb#H2 `2T`2b2MiiBQMb Q7 CL2(b) ?p2 #22M Q#@
iBM2/X h?Bb `2bmHi +M #2 +QM}`K2/- 7Q` 2tKTH2- #v +?2+FBM; rBi? i?2 mbHM/2`Ĝ
_2Bi2M [mBp2` Q7 CL2(b)X :Bp2M  T`iB+mH` T2`bBbi2M+2 KQ/mH2 M QM CL2(b)- i?2 H@
;Q`Bi?K ;Bp2b i?2 KmHiBTHB+BiB2b Q7 2+? Q7 i?2b2 BM/2+QKTQb#H2b BM M BM/2+QKTQb#H2
/2+QKTQbBiBQM Q7 M X
*b2 CL3(bf)
h?2 BMTmi #HQ+F Ki`Bt Bb ;Bp2M BM 1tKTH2 jXkXkX
Hi?Qm;? i?2 T`2b2M+2 Q7 BKT2`KBbbB#H2 QT2`iBQMb +mb2/ MQ MQiB+2#H2 +QKTHB+@
iBQMb BM i?2 +b2 Q7 CL2(b)- BM ;2M2`H i?Bb Bb MQi bQX 6Q` #2ii2` `2/#BHBiv- QMHv i?2
`2H2pMi BKT2`KBbbB#H2 QT2`iBQMb i 2+? bi2T `2 BM+Hm/2/ #2HQrX 1+? MmK#2`2/ bi2T
+Q``2bTQM/b iQ QM2 Tbb Q7 i?2 Qmi2` r?BH2 HQQT BM H;Q`Bi?K RX
RX i i?2 }`bi HQQT- v∗ Bb (2:2, 2:2)X
jR
*?Ti2` jX Ji`Bt J2i?Q/
V h`Mb7Q`K (2:2, 2:2) iQ aKBi? MQ`KH 7Q`K- ;BpBM; i?2 #HQ+F Ki`Bt
∅ ∅ ∗ ∗ ∗ E 0
∅ ∅ ∗ ∗ ∗ 0 0
∅ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅










3:3 1:1 1:3 2:3 1:2 2:212:22
.
#V w2`Q Qmi i?2 #HQ+Fb (2:21, 1:3)- (2:21, 2:3)- M/ (2:21, 1:2) #v i?2 B/2MiBiv bm#K@
i`Bt i (2:21, 2:21),
∅ ∅ 0 0 0 E 0
∅ ∅ ∗ ∗ ∗ 0 0
∅ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅










3:3 1:1 1:3 2:3 1:2 2:212:22
.
+V h?2 B/2MiBiv bm#Ki`Bt (2:21, 2:21) M/ i?2 +QHmKMb BM 2:22 ;Bp2 +QTB2b Q7 BM/2@






+Q``2bTQM/BM; iQ i?2 p2`iB+2b 010010 M/ 000010 BM 6B;m`2 kXRX
/V q2 `2 H27i rBi?
∅ ∅ ∗ ∗ ∗
∅ ∗ ∗ ∅ ∗
∗ ∅ ∗ ∗ ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅









3:3 1:1 1:3 2:3 1:2
.
kX L2ti- v∗ Bb (1:2, 1:2)X h?2 /B`2+i bmKKM/b rBi? /BK2MbBQM p2+iQ` 110110 +M #2 2ti`+i2/
jk
jXkX H;Q`Bi?K
BM i?2 bK2 rvX h?2 #HQ+F Ki`Bt Bb MQr
∅ ∅ ∗ ∗ ∗
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ ∗ ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅









3:3 1:1 1:3 2:3 1:2
.
jX >2`2- v∗ Bb (2:2, 1:2)X 7i2` i`Mb7Q`KBM; v∗ iQ aKBi? MQ`KH 7Q`K- i?2 #HQ+F Ki`Bt
Bb
∅ ∅ ∗ ∗ E 0
∅ ∅ ∗ ∗ 0 0
∅ ∗ ∗ ∅ 0 0
∗ ∅ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅










3:3 1:1 1:3 2:3 1:211:22
M/ i?2M
∅ ∅ 0 ∗ E 0
∅ ∅ ∗ ∗ 0 0
∅ ∗ ∗ ∅ 0 0
∗ ∅ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅










3:3 1:1 1:3 2:3 1:211:22
.
q?2`2b i?2 #HQ+F (2:21, 1:3) Bb 2`b#H2- (2:21, 2:3) Bb MQi 2`b#H2 bQ 7`- #2+mb2
+QHmKM QT2`iBQMb 7`QK 1:21 iQ 2:3 Bb BKT2`KBbbB#H2X .B`2+i bmKKM/b rBi? i?2
/BK2MbBQM p2+iQ` 000110 +M #2 2ti`+i2/- M/ r2 `2 H27i rBi?
∅ ∅ 0 ∗ E
∅ ∅ ∗ ∗ 0
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ ∗ ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅










3:3 1:1 1:3 2:3 1:2
.
9X h`Mb7Q`KBM; v∗ = (2:3, 2:3)- r2 Q#iBM
∅ ∅ 0 ∗ ∗ E
∅ ∅ ∗ ∗ ∗ 0
∅ ∗ ∗ ∅ ∅ 0
∗ ∅ ∗ E 0 ∅
∗ ∅ ∗ 0 0 ∅
∗ ∗ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅











3:3 1:1 1:3 2:312:32 1:2
.
jj
*?Ti2` jX Ji`Bt J2i?Q/
Ai Bb `2/BHv TT`2Mi i?i i?2 #HQ+Fb (2:22, 2:31) M/ (2:31, 3:3) `2 2`b#H2 #v i?2
B/2MiBiv (2:31, 2:31) rBi?Qmi Mv +QM+2`Mb Q7 bB/2 2z2+ibX JQ`2Qp2` i i?Bb TQBMi-
i?2 `2+m`bBp2 +?2+FBM; Q7 2`b#BHBiv BM H;Q`Bi?K 8 M/ e rQ`Fb r2HHc i?2 #HQ+F
vt = (2:21, 2:31) Bb HbQ 2`b#H2 pB i?2 7QHHQrBM; T`Q+2/m`2bX w2`QBM; vt Qmi #v
//BiBQMb 7`QK i?2 B/2MiBiv (2:31, 2:31)- i?2 T`Q+2bb2/ #HQ+F (2:21, 1:3) Kv #2+QK2
MQMx2`Q #v bB/2 2z2+i rBi? (2:31, 1:3)X >Qr2p2`- (2:21, 1:3) +M #2 x2`Q2/ Qmi ;BM #v
//BiBQMb 7`QK i?2 B/2MiBiv (2:21, 1:2)X aBKBH`Hv- i?2 #HQ+F (2:31, 1:3) Bb HbQ 2`b#H2X
q2 i?mb 2ti`+i i?2 /B`2+i bmKKM/b rBi? i?2 /BK2MbBQM p2+iQ` 011011- M/ ?p2 i?2
#HQ+F Ki`Bt
∅ ∅ 0 ∗ E
∅ ∅ ∗ ∗ 0
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ 0 ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅










3:3 1:1 1:3 2:3 1:2
.
8X v∗ Bb (2:22, 2:3)- M/ BM i?2 bK2 KMM2`- /B`2+i bmKKM/b 010011 +M #2 2ti`+i2/X
∅ ∅ 0 ∗ E
∅ ∅ ∗ 0 0
∅ ∗ ∗ ∅ 0
∗ ∅ ∗ 0 ∅
∗ ∗ ∗ ∅ ∅
∅ ∗ ∅ ∅ ∅










3:3 1:1 1:3 2:3 1:2
eX h`Mb7Q`KBM; v∗ = (2:21, 2:3)- i?2M i?2 `Qr M2B;?#Q` (2:21, 1:2) Kv MQi #2 i?2 B/2M@
iBivX h?2 7mM+iBQM +QHn7Bt Bb +HH2/ iQ i`Mb7Q`K Bi iQ M B/2MiBiv ;BM- i?2M r2
Q#iBM,
∅ ∅ 0 E 0 E 0
∅ ∅ 0 0 0 0 E
∅ ∅ ∗ 0 0 0 0
∅ ∗ ∗ ∅ ∅ 0 0
∗ ∅ ∗ 0 0 ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅















h?2 #HQ+F Ki`Bt ?b i?2 7QHHQrBM; /2+QKTQbBiBQM
∅ ∅ 0 E 0 E 0
∅ ∅ 0 0 0 0 E
∅ ∅ ∗ 0 0 0 0
∅ ∗ ∗ ∅ ∅ 0 0
∗ ∅ ∗ 0 0 ∅ ∅
∗ ∗ ∗ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅








































h?2 2ti`+i2/ i?B`/ M/ 7Qm`i? i2`Kb `2 010110 M/ 000011X h?2 b2+QM/ /B`2+i bmKKM/ Bb
+QTB2b Q7 i?2 ``Qr [ f 2:22:3 f 2:21:2 ] : I[2, 3]⊕ I[1, 2]→ I[2, 2]X h?`Qm;? i?2 BbQKQ`T?BbK
BM h?2Q`2K jXRXR- 2+? ``Qr Bb BbQKQ`T?B+ iQ i?2 BM/2+QKTQb#H2 `2T`2b2MiiBQM
rBi? i?2 /BK2MbBQM p2+iQ` 010121 ;Bp2M BM 1[X UkX9VX
dX h?2 T`Q+2/m`2b 7`QK i?Bb bi2T `2 2t2+mi2/ BM  bBKBH` rv r2 ?p2 /QM2- M/ QM2
Q#iBMb /B`2+i bmKKM/b rBi? i?2 /BK2MbBQM p2+iQ`b 111111- 110111- 010111- 000111- 010000- 121111- 011111- 100100-
100
000- 110100- 000100- 110000- 001001- 001000- 111001- 111000- 111101- 111100- 011001- 011000- M/ 000001X
*b2 CL4(bfb)
M 2`b#H2 B/2MiBiv #HQ+F +QMbB/2`2/ BM H;Q`Bi?K 9 ?b MQi TT2`2/ v2iX b M
2tKTH2 Q7 i?Bb Bbbm2- H2i mb ;Bp2  [mB+F T`QQ7 7Q` CL4(bfb)- r?2`2 bm+? M Bbbm2 `Bb2b
/m`BM; i?2 T`Q+2/m`2b QM M mMT`Q+2bb2/ #HQ+F BM i?2 +QHmKM 2:3X
h?2 BMTmi #HQ+F Ki`Bt Bb ;2M2`HHv Q7 i?2 7Q`K
∅ ∅ ∅ ∗ ∗ ∗ ∗ ∗ ∅ ∗
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅ ∗ ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅













3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2 4:4 2:2
.
6Q` i?2 bi2Tb bBKBH` iQ i?Qb2 H`2/v /QM2 BM 2`HB2` +b2b- r2 QMHv T`QpB/2 i?2 #HQ+F
Ki`Bt 7Q`K 7i2` b2[m2M+2b Q7 QT2`iBQMb 7Q` 2+? +QHmKM b:dX
j8
*?Ti2` jX Ji`Bt J2i?Q/
RX S`Q+2/m`2b QM +QHmKM 2:2 vB2H/ /B`2+i bmKKM/b rBi? i?2 /BK2MbBQM p2+iQ`b 01000100 M/
0000
0100- H2pBM; i?2 #HQ+F Ki`Bt 7Q`K T`2b2Mi2/ #2HQrX
∅ ∅ ∅ ∗ ∗ ∗ ∗ ∗ ∅
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅ ∗
∅ ∗ ∅ ∗ ∅ ∗ ∅ ∗ ∅
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅













3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2 4:4
kX L2ti Bb i?2 +QHmKM 4:4- 2ti`+iBM; 00010001 M/ 00000001 M/ vB2H/BM; i?2 7QHHQrBM; 7Q`KX
∅ ∅ ∅ ∗ ∗ ∗ ∗ ∗
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ ∗
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅













3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2
jX h?2 bm#b2[m2Mi +QHmKM Bb 1:2- 2ti`+iBM; 11001100 M/ 00001100X PM2 Q#iBMb i?2 #HQ+F Ki`Bt
∅ ∅ ∅ 0 ∗ 0 ∗ E
∅ ∅ ∅ ∗ ∗ ∗ ∗ 0
∅ ∅ ∗ ∅ ∅ ∗ ∗ ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ 0
∗ ∅ ∗ ∗ ∗ ∗ ∗ ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅














3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2
,
r?2`2 +QHmKM QT2`iBQMb 7`QK 1:2 iQ 2:3 M/ iQ 2:4 `2 BKT2`KBbbB#H2X
je
jXkX H;Q`Bi?K
9X LQr Qm` i`;2i +QHmKM Bb 2:4X AM  bBKBH` +b2 b /Bb+mbb2/ BM i?2 +b2 Q7 CL3(bf)-
BM/2+QKTQb#H2 M2B;?#Q`BM; irQ B/2MiBiv #HQ+Fb rBHH TT2` QM i?2 T`Q+2bb r?2M
v∗ = (2:21, 2:42)X Hi?Qm;? (2:21, 2:42) Bb +?Qb2M b i?2 i`;2i v∗ irB+2 /m`BM; i?2
T`Q+2/m`2b QM i?Bb +QHmKM- i?2 Bbbm2 ?TT2Mb i i?2 }`bi iBK2X h?2 #HQ+F Bb Q7 i?2
7Q`K E E[ ]2:21 2:421:21 - 2tT`2bb2/ #v i?2 /BK2MbBQM p2+iQ` 01001211X
6m`i?2`KQ`2 BM i?Bb +QHmKM- QM2 Q#b2`p2b BM/2+QKTQb#H2 M2B;?#Q`BM; i?`22 B/2M@






i i?2 b2+QM/ iBK2 Q7 v∗ = (2:21, 2:42)X h?Bb Bb BbQKQ`T?B+ iQ
+QTB2b Q7 i?2 BM/2+QKTQb#H2 T2`bBbi2M+2 KQ/mH2
0 K 0 K
K K2 K K
[ 1 0 ]
[ 1 1 ]
[ 0 1 ] id
id ,
M/ 2tT`2bb2/ #v i?2 /BK2MbBQM p2+iQ` 01011211X
7i2` HH i?2 T`Q+2/m`2b QM i?Bb +QHmKM- r2 Q#iBM 01110111- 01000111- 01001211- 00000111- 01011211- M/ 00010111X
h?2 #HQ+F Ki`Bt 7Q`K Bb MQr
∅ ∅ ∅ 0 ∗ 0 0 E
∅ ∅ ∅ 0 0 ∗ E 0
∅ ∅ ∅ ∗ ∗ ∗ 0 0
∅ ∅ 0 ∅ ∅ 0 E ∅
∅ ∅ ∗ ∅ ∅ ∗ 0 ∅
∅ ∗ ∅ ∗ ∅ ∗ ∅ 0
∗ ∅ ∗ ∗ ∗ ∗ 0 ∅
∗ ∗ ∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
















3:3 1:1 3:4 1:3 2:3 1:4 2:4 1:2
.
8X L2ti- T`Q+2/m`2b QM +QHmKM 1:4 vB2H/ 11111111- 01011222- 01010111- 00001111- 00011111- 11011111- M/ 11001111X h?2
jd
*?Ti2` jX Ji`Bt J2i?Q/
Ki`Bt Bb Q7 i?2 7Q`K,
∅ ∅ ∅ 0 ∗ 0 0 0 0 E
∅ ∅ ∅ 0 ∗ 0 0 0 E 0
∅ ∅ ∅ 0 ∗ 0 0 E 0 0
∅ ∅ ∅ ∗ ∗ 0 0 0 0 0
∅ ∅ 0 ∅ ∅ 0 0 E 0 ∅
∅ ∅ ∗ ∅ ∅ 0 0 0 0 ∅
∅ 0 ∅ ∗ ∅ E 0 0 0 0
∅ ∗ ∅ ∗ ∅ 0 0 0 0 0
0 ∅ 0 0 ∗ E 0 0 0 ∅
0 ∅ 0 0 ∗ 0 E 0 0 ∅
∗ ∅ ∗ ∗ ∗ 0 0 0 0 ∅
∗ ∗ ∗ ∗ ∅ 0 0 0 0 ∅
∗ ∅ ∅ ∗ ∗ ∅ ∅ ∅ ∅ ∅
∗ ∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅ ∅ ∅




















3:3 1:1 3:4 1:3 2:3 1:411:421:431:44 1:2
.
eX q2 M2ti im`M iQ +QHmKM 2:3- M/ }MHHv 2M+QmMi2` M 2`b#H2 B/2MiBiv #HQ+FX h?Bb
Q++m`b BKK2/Bi2Hv 7i2` i`Mb7Q`KBM; (2:41, 2:32) iQ aKBi? MQ`KH 7Q`KX "27Q`2 i?Bb-
bQK2 Qi?2` #HQ+Fb BM +QHmKM 3:3 `2 T`Q+2bb2/ rBi?Qmi Bbbm2X "2HQr- r2 T`2b2Mi i?2
`2H2pMi #HQ+F Q7 i?2 Ki`Bt #27Q`2 M/ 7i2` i`Mb7Q`KBM; v∗ iQ aKBi? MQ`KH 7Q`K-









∅ ∅ E 0 0 0
∅ ∅ 0 E 0 0
E 0 E 0 0 0
0 0 0 E 0 0
E 0 0 0 E 0











h?2 B/2MiBiv #HQ+F (2:43, 2:32) Bb 2`b#H2 #v
V //BiBQMb 7`QK i?2 `Qr 2:41 iQ i?2 `Qr 2:43- M/
#V //BiBQMb 7`QK i?2 +QHmKM 1:43 iQ i?2 +QHmKM 1:41 iQ x2`Q Qmi i?2 bB/2 2z2+i i
(2:43, 1:41)X
















∅ ∅ ∅ ∗ 0 0
∅ ∅ ∗ ∅ ∅ 0
∅ 0 ∅ ∗ ∅ E
∅ ∗ ∅ ∗ ∅ 0
0 ∅ 0 0 0 E
0 ∅ ∗ 0 E 0
∗ ∅ ∗ ∗ 0 0
∗ ∗ ∗ ∗ ∅ 0
∗ ∅ ∅ ∗ 0 ∅
∗ ∗ ∅ ∗ ∅ ∅
∗ ∅ ∗ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅
















3:3 1:1 3:4 1:3 2:3 1:4
.
dX h?2 rQ`F 7i2`r`/ Bb `QmiBM2X "v T`Q+2/m`2b QM +QHmKM 1:3- 11101110- 11001110- 12112221- 12111111- 01001110-
0000
1110- 01000000- 12101110- M/ 01101110 `2 2ti`+i2/X q2 `2 H27i rBi?
∅ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ 0 ∅ 0 0 E 0 ∅
∅ ∗ ∅ 0 0 0 0 ∅
0 ∅ ∗ 0 0 0 0 E
0 ∅ ∗ 0 0 E 0 0
0 ∅ ∗ 0 0 0 E 0
∗ ∅ ∗ 0 0 0 0 0
0 0 ∗ 0 E 0 0 ∅
∗ 0 ∗ E 0 0 0 ∅
∗ ∗ ∗ 0 0 0 0 ∅
0 ∅ ∅ E 0 0 0 0
∗ ∅ ∅ 0 0 0 0 0
∗ ∗ ∅ 0 0 0 0 ∅
∗ ∅ ∗ ∅ ∅ ∅ ∅ ∅
∅ ∗ ∅ ∅ ∅ ∅ ∅ ∅



















3:3 1:1 3:4 1:311:321:331:34 2:3
.
3X L2ti- T`Q+2/m`2b QM +QHmKM 3:4 vB2H/ 00110011- 12211121- 11111110- 01110011- 01111110- 12111121- 01110121- 01110110- 00010011- 00000011-
jN












- 01111121- 12221121- M/ 11111121- r?2`2 12111121 M/ 01111110 `2 2ti`+i2/ irB+2X
∅ ∗ ∅ 0
∗ ∅ 0 0
∗ 0 0 E
0 ∗ E 0
∗ ∗ 0 0
0 ∅ ∅ E
∗ ∅ ∅ 0
∗ ∗ ∅ 0
∗ ∅ 0 ∅
∅ ∗ ∅ ∅














3:3 1:1 3:4 1:3
NX am#b2[m2MiHv- T`Q+2/m`2b QM +QHmKM 1:1 2ti`+i 10001000- 10000000- 11111011- 11110011- 11001000- 00001000- M/ 11000000X
h?2 #HQ+F Ki`Bt Bb MQr
∗ ∅ ∅ 0
∗ 0 0 E
∗ 0 E 0
∗ 0 0 0
0 ∅ ∅ E
∗ ∅ ∅ 0
∗ E 0 0
∗ 0 0 0
∗ ∅ ∅ ∅















RyX 6BMHHv r2 `2 QM i?2 Hbi +QHmKM 4:4X >2`2 00100010- 00100000- 00110000- 11100010- 11110010- 11111010- 12211120- 12211110-
0111
0010- 00000010- 01110000- 12210010- 12211010- 11111000- 01100010- 22211010- 11101010- 11110000- 11210010- 11100000- 11211010- 11101000- 01210010- 01100000- M/ 00110010
`2 2ti`+i2/X
jXjX .Bb+mbbBQM
M 2tKTH2 +M #2 ;Bp2M Q7 ?Qr i?2 T`QQ7 #`2Fb /QrM rBi? i?2 BM}MBi2 ivT2 Un ≥ 5V-
BM T`iB+mH` i?2 +b2 CL5(ffff)X q2 QMHv M22/ iQ +QMbB/2` i?2 bm#T`Q#H2K Q7 i?2 #HQ+F










LQi2 i?i QT2`iBQMb #2ir22M `Qrb 1:4 M/ 2:3 `2 BKT2`KBbbB#H2X aBKBH`Hv- QT2`@








b  bm#T`Q#H2K- r?2`2 A Bb M mM2`b#H2 mMT`Q+2bb2/ bm#Ki`Bt M/ E `2 T`Q+2bb2/
B/2MiBiv Ki`B+2b Q7 i?2 bK2 bBx2X
h?2 T`Q+2/m`2 #`2Fb /QrM r?2M ii2KTiBM; iQ i`Mb7Q`K i?2 mMT`Q+2bb2/ #HQ+F A
iQ aKBi? MQ`K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`iBM; rBi? `Qr QT2`iBQMb QM 1:4- r2 Q#iBM bB/2 2z2+ib QM



























L2ti- r2 +QKK2Mi QM 2tBbiBM; K2i?Q/b M/ i?2 +QKTmiiBQMH bT2+ib Q7 Qm` rQ`FX
>2`2- r2 iF2 i?2 T2`bBbi2M+2 KQ/mH2 b BMTmi M/ K2bm`2 i?2 +QKTmiiBQMH +Qbi rBi?
`2bT2+i iQ Bib bBx2X _2[mB`BM; i?2 2tTHB+Bi +QKTmiiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 Kv
#2 rbi27mHX AM/22/- +HbbB+H H;Q`Bi?Kb 7Q` T2`bBbi2M+2 rQ`F /B`2+iHv QM i?2 H2p2H Q7
/B;`Kb Q7 bBKTHB+BH +QKTH2t2b U7Q` 2tKTH2 (k3- e) 7Q` }Hi`iBQMb M/ xB;x;b- `2bT2+@
iBp2HvVX Ai Bb Q7 BMi2`2bi iQ }M/ bBKBH` H;Q`Bi?Kb i?i +QKTmi2 M BM/2+QKTQb#H2
/2+QKTQbBiBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 /B`2+iHv- rBi?Qmi 2tTHB+Bi +QKTmiiBQM Q7 i?2
T2`bBbi2M+2 KQ/mH2X
h?2 T`Q#H2K Q7 +QKTmiBM; M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7  KQ/mH2 M Qp2` 
}MBi2 /BK2MbBQMH K@H;2#` A ?b #22M r2HH@bim/B2/ (N- k9)X 6Q` 2tKTH2- bbmKBM;
i?i K Bb  }MBi2 }2H/- (N) /2KQMbi`i2b i?i  TQHvMQKBH iBK2 H;Q`Bi?K 2tBbib i?i
Bb +T#H2 Q7 }M/BM; M BM/2+QKTQb#H2 /2+QKTQbBiBQM Q7 M X 6B`bi- QM2 +QKTmi2b i?2
2M/QKQ`T?BbK H;2#` EndA(M) = Hom(M,M)X h?2M-  +QKTH2i2 b2i Q7 T`BKBiBp2
Q`i?Q;QMH B/2KTQi2Mib π1, . . . , πℓ Bb +QKTmi2/X h?2 bm#KQ/mH2b πi(M)- 7Q` i = 1, . . . , ℓ-
T`QpB/2  /2+QKTQbBiBQM Q7 M BMiQ BM/2+QKTQb#H2bX
PM2 bi`B;?i7Q`r`/ K2Mb Q7 +QKTmiBM; EndA(M) Bb #v bQHpBM;  bvbi2K Q7 HBM2`
2[miBQMbX G2i M = (Ma,ϕα)a∈Q0,α∈Q1 #2  `2T`2b2MiiBQM Q7  #QmM/ [mBp2` (Q,P )-
da = dimMa- M/ dˆ = maxa∈Q0 daX q2 bbmK2 i?i r2 ?p2 }t2/ #b2b 7Q` Ma- M/
i?i i?2 +iBQMb ϕα `2 ;Bp2M BM i2`Kb Q7 K@Ki`B+2bX 6Q` 2+? p2`i2t a ∈ Q0- r2 b2i
mT  da × da K@Ki`Bt Q7 mMFMQrMb Xa- M/ bQHp2 i?2 +QM/BiBQM ;Bp2M BM 1[X UkXRV i?i





O(dˆ2) mMFMQrMb M/ ∑(α:a→b)∈Q1 dadb = O(dˆ2) 2[miBQMbX *QMb2[m2MiHv- Bi b22Kb iQ
`2[mB`2 O(dˆ6) +QKTmiiBQMH iBK2- 2p2M #27Q`2 i?2 `2bi Q7 i?2 +QKTmiiBQMb U}M/BM;
T`BKBiBp2 Q`i?Q;QMH B/2KTQi2Mib M/ +QKTmiBM; BK;2bVX //BiBQMH +H2p2` K2i?Q/b
Q7 +QKTmiBM; i?2 2M/QKQ`T?BbK `BM;b 2tBbi- 7Q` 2tKTH2 #v `2/m+BM; i?2 MmK#2` Q7
2[miBQMb M/ mMFMQrMb #v }`bi +QKTmiBM;  ;2M2`iBM; bvbi2K 7Q` i?2 KQ/mH2 (k8) Q`
mbBM; :`ƺ#M2` #bBb K2i?Q/b (ky)X
9R
*?Ti2` jX Ji`Bt J2i?Q/
6BMHHv- H2i mb T`QpB/2 M 2biBKi2 Q7 i?2 +QKTmiiBQMH +QKTH2tBiv Q7 Qm` T`Q+2/m`2X
6B`bi- r2 `2+TBimHi2 i?2 Ki`Bt 7Q`KHBbK BM am#b2+iBQM jXRXkX :Bp2M  T2`bBbi2M+2
KQ/mH2M Qp2`  +QKKmiiBp2 H//2` rBi? n < 5- r`BiBM; Bi b M ``Qr F (M) : V → W
Bb bi`B;?i7Q`r`/X h?2M- r2 /2+QKTQb2 Bib mTT2` M/ HQr2` `Qrb r?BH2 F22TBM; i`+F
Q7 #bBb +?M;2b iQ ;2i i?2 7Q`Kb Q7 i?2 Ki`B+2b Q7 ``Qr Φ `2HiBp2 iQ i?2 M2r #bBb-
+QbiBM; O(dˆ3)X
G2i mb MHvx2 i?2 bBx2 Q7 i?2 +Q``2bTQM/BM; #HQ+F Ki`Bt T`Q#H2K Q7 M X _2+HH i?i
i?2 #HQ+Fb `2 Q7 bBx2 m′c,d ×ma,b 7Q` I[a, b] " I[c, d]- r?2`2 i?2 MmK#2`b ma,b M/ m′c,d
`2 /2i2`KBM2/ #v i?2 /2+QKTQbBiBQM Q7 F (M) b BM 1[X UjXjVX Ai Bb +H2` i?i ma,b M/
m′c,d `2 #QmM/2/ #Qp2 #v dˆX A7 i?i r2`2 MQi i`m2- i?2M i?2`2 rQmH/ #2  p2`i2t x Q7
i?2 +QKKmiiBp2 H//2` rBi? dx > dˆ- r?B+? Bb  +QMi`/B+iBQMX q2 HbQ +QKTmi2,
ndˆ ≥ dimV =
∑
1≤a≤b≤n
dim I[a, b]ma,b =
∑
1≤a≤b≤n




7`QK 1[X UjXkV- M/  bBKBH` 2biBKi2 7Q` i?2 bmK Q7 i?2 m′c,dX h?mb- i?2 iQiH bBx2 Q7
i?2 #HQ+F Ki`Bt T`Q#H2K Bb #QmM/2/ #Qp2 #v ndˆX
h?2 #Qp2 MHvbBb +QMbB/2`b i?2 bBx2 Q7 i?2 #HQ+F Ki`Bt T`Q#H2K #v +QmMiBM; +imH
`Qrb M/ +QHmKMb Q7 K@b+H`bX AM +QMi`bi- i?2 MmK#2` Q7 #HQ+Fb b i?2Kb2Hp2b Bb MQi
/2T2M/2Mi QM i?2 /BK2MbBQM dˆ- #mi `i?2` /2T2M/b QMHv QM i?2 Q`B2MiiBQM τn M/ r?i
QT2`iBQMb ?p2 #22M T2`7Q`K2/ bQ 7`X
L2ti- r2 HQQF i H;Q`Bi?K RX 1+? [m2`v 7Q` bB/2 2z2+ib BM H;Q`Bi?K k +Qbib O(b)X
"v i?2 T`QQ7 Q7 h?2Q`2K jXkXj- GBM2b d M/ 3 Q7 H;Q`Bi?K R /Q MQi H2/ iQ BM}MBi2
`2+m`bBQM- i?mb QMHv  }MBi2 MmK#2` Q7 bm+? [m2`B2b M/ Ki`Bt QT2`iBQMb `2 M22/2/
7Q` H;Q`Bi?K jX h?Bb MmK#2` /2T2M/b MQi QM dˆ #mi QMHv QM i?2 +m``2Mi ``M;2K2Mi Q7
#HQ+F biimb2b Q7 i?2 #HQ+F Ki`Bt T`Q#H2KX
6m`i?2`KQ`2- i?2 +?2+F 7Q` 2`b#BHBiv M/ +QMbi`m+iBQM Q7  T`Q+2bb i`22 p #v 2`b#H2
BM GBM2 Ry Q7 H;Q`Bi?K R Bb BM/2T2M/2Mi Q7 dˆX AM/22/- i?2 7mM+iBQMb `Qrn2`b#H2
M/ +QHn2`b#H2 /Q MQi T2`7Q`K Mv Ki`Bt QT2`iBQMbX _i?2`- i?2v bBKTHv [m2`v
i?2 ``M;2K2Mi Q7 Ki`Bt biimb2b M/ T2`KBbbB#H2 QT2`iBQMb BM i?2 #HQ+F Ki`Bt T`Q#@
H2KX
h?2 +imH QT2`iBQMb QM i?2 #HQ+F Ki`Bt T`Q#H2K `2 ;Bp2M #v, i`Mb7Q`KBM;  #HQ+F
iQ aKBi? MQ`KH 7Q`K- }tBM; QM2 bB/2 2z2+i- x2`QBM; Qmi vt #v vE 7Q` QM2 p2`i2t (vt, vE)
BM i?2 T`Q+2bb i`22 pX 1+? Q7 i?2b2 +Qbib O(ndˆ3)X h?mb- i?2 iQiH +Qbi Bb bBKTHv i?2
MmK#2` Q7 QT2`iBQMb C M22/2/- r?B+? Bb BM/2T2M/2Mi Q7 dˆ- iBK2b O(ndˆ3)- vB2H/BM; M
Qp2`HH 2biBKi2 Q7 O(Cndˆ3)X
9k
*?Ti2` 9X
h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/
JT
h?Bb +?Ti2` Bb #`Q/Hv /BpB/2/ BMiQ irQ T`ibX h?2 7Q`K2` T`i b a2+iBQM 9XR T`2b2Mib
 M2r /2}MBiBQM Q7 i?2 ?QKQHQ;v BM/m+2/ KT Q7  +Q``2bTQM/2M+2X h?Bb /2}MBiBQM
Bb 7Q`KHBx2/ #v /2+QKTQbBM; `2T`2b2MiiBQMb Q7 i?2 [mBp2` A3(bf)- M/ ;Bp2b mb i?2
}`bi bi2T BM i?2 Hii2` T`iX i i?2 Hii2` T`i 7`QK a2+iBQM 9Xk QM- r2 /Bb+mbb ?Qr
iQ +QMbi`m+i  T2`bBbi2M+2 KQ/mH2 7`QK  bKTH2/ KT M/ /2+QKTQb2 BiX h2+?MB[m2b
/2b+`B#2/ i?2`2 `2 biBKmHi2/ #v #HQ+F Ki`Bt 7Q`K /Bb+mbb2/ BM *?Ti2` j- M/ 2M#H2
iQTQHQ;B+H /i MHvbBb QM iBK2 b2`B2b /iX ?2/ Q7 i?2 i?2bBb- i?2 +QMi2Mi Q7 i?Bb
+?Ti2` rb mTHQ/2/ b  T`2T`BMi QM `sBp,
(kd) >X hF2m+?B- h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT, 6`QK  oB2rTQBMi Q7
ZmBp2` _2T`2b2MiiBQMb- `sBp,R3RyXRRdd9 UkyR3VX
9XRX h?2 AM/m+2/ JTb pB ZmBp2` _2T`2b2MiiBQMb
_2+HH i?i  +Q``2bTQM/2M+2 F ⊂ X×Y BM/m+2b i?2 /B;`KHX p∗← HF q∗→ HY pB i?2
+MQMB+H T`QD2+iBQMb p : F → X M/ q : F → Y X b  `2T`2b2MiiBQM Q7 i?2 A3(bf) ivT2
[mBp2`- i?Bb /B;`K +M #2 /2+QKTQb2/ BMiQ  /B`2+i bmK Q7 BMi2`pH `2T`2b2MiiBQMb,
(HX




h?Bb BM/2+QKTQb#H2 /2+QKTQbBiBQM +M #2 r`Bii2M b i?2 /B;`K
HX HF HY
⊕





h?2 +?QB+2 Q7 #b2b ;Bp2b mb  `2HiBQMb?BT #2ir22M #b2b Q7 HX M/ HY - r?B+? +M
#2 `2;`/2/ b  KT 7`QK HX iQ HY X 6Q` 2tKTH2- M BMi2`pH `2T`2b2MiiBQM I[1, 2]
bbB;Mb M 2H2K2Mi Q7 i?2 biM/`/ #bBb Q7 KdimHX iQ y BM KdimHY X h?2`27Q`2- MQM@
i`BpBH bbB;MK2Mi ?TT2Mb QMHv QM i?2 BMi2`pH `2T`2b2MiiBQMb I[1, 3] = (K idK← K idK→ K)X
9j
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
F⇤
HX HF HY
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6B;m`2 9XRX, M Qp2`pB2r Q7 Qm` /2}MBiBQM Q7 i?2 BM/m+2/ KT F∗ Q7  +Q``2bTQM/2M+2X
h?2 BbQKQ`T?BbK 7`QK i?2 }`bi `Qr iQ i?2 b2+QM/ `Qr Bb M BM/2+QKTQb#H2
/2+QKTQbBiBQMX h?2 BM+HmbBQM KT QM i?2 `B;?i@?M/ bB/2 Bb i?2 +MQMB+H
BMD2+iBQM Q7 i?2 p2+iQ` bT+2X
"v `2;`/BM; i?2 Qi?2` BMi2`pH `2T`2b2MiiBQMb b 0KTb 7`QKHX iQHY - r2 +M /2}M2
 KT ιY ◦ πX : KdimHX → KdimHY 7+iQ`BM; i?2 BMi2`pH I[1, 3]⊕
1≤b≤d≤3
I[b, d]mb,d = KdimHX KdimHF KdimHY




r?2`2 i?2 ``Qrb$ `2 i?2 +MQMB+H T`QD2+iBQMb Q7 i?2 p2+iQ` bT+2b- M/ i?2 KQ`T?BbK
ιY Bb i?2 +MQMB+H BMD2+iBQM Q7 i?2 p2+iQ` bT+2X *QKTQbBM; i?2 Ti? Q7 KQ`T?BbKb- r2
+M `2/2}M2 i?2 BM/m+2/ KT Q7 F b
F∗ := h−1Y ◦ ιY ◦ πX ◦ hX : HX → HY.
h?Bb /2}MBiBQM /Q2b MQi `2[mB`2 i?2 irQ bbmKTiBQMb K2MiBQM2/ BM .2}MBiBQM RXkXj-
M/ r?2M i?2 irQ bbmKTiBQMb `2 biBb}2/- Qm` /2}MBiBQM +QBM+B/2b rBi? i?2 Q`B;BMH
/2}MBiBQM q∗ ◦ p−1∗ #v i?2 7QHHQrBM; i?2Q`2KX
h?2Q`2K 9XRXRX .2}M2 F∗ := h−1Y ◦ ιY ◦ πX ◦ hX X A7 F Bb ?QKQHQ;B+HHv +QKTH2i2 M/
?QKQHQ;B+HHv +QMbBbi2Mi- i?2M F∗ = q∗ ◦ p−1∗ X
S`QQ7X h?2 +HBK iQ T`Qp2 Bb
q∗ ◦ p−1∗ = h−1Y ◦ ιY ◦ πX ◦ hX .
aBM+2 i?2 KQ`T?BbK p∗ Bb bm`D2+iBp2- i?Bb Bb 2[mBpH2Mi iQ
q∗ ◦ p−1∗ ◦ p∗ = h−1Y ◦ ιY ◦ πX ◦ hX ◦ p∗.
99
9XRX h?2 AM/m+2/ JTb pB ZmBp2` _2T`2b2MiiBQMb
AM //BiBQM- q∗ = q∗ ◦ p−1∗ ◦ p∗ #2+mb2 Q7 i?2 ?QKQHQ;B+H +QMbBbi2M+v q∗(Ker(p∗)) = 0
h?2`27Q`2- r?i Kmbi #2 T`Qp2M ?2`2 Bb
q∗ = h−1Y ◦ ιY ◦ πX ◦ hX ◦ p∗.
"v +?bBM; i?2 /B;`K Q7 6B;m`2 9XR- i?Bb 2[miBQM `2bmHib BM
qK = ιY ◦ πF .
h?2 biM/`/ #bBb Q7 KdimHF +Q``2bTQM/b iQ i?2 biM/`/ #b2b Q7 i?2 7Qm` BMi2`@
pHb I[2, 3]- I[2, 2]- I[1, 2]- M/ I[1, 3]X >2`2 r2 `2K`F i?i i?2 ?QKQHQ;B+H +QMbBbi2M+v
q∗(Ker(p∗)) = 0 Bb 2[mBpH2Mi iQ m2,3 = 0- MK2Hv I[2, 3] /Q2b MQi 2tBbi b  /B`2+i bmK@
KM/X JQ`2Qp2`- i?2 #bBb +Q``2bTQM/BM; iQ I[2, 2] M/ I[1, 2] Bb KTT2/ iQ 0 #v #Qi?
qK M/ ιY ◦ πF X "v /2}MBiBQM Bi Bb +H2` i?i qK(a) = ιY ◦ πF (a) ?QH/b 7Q` 2+? 2H2K2Mi
a Q7 i?2 biM/`/ #bBb Q7 KdimHF +Q``2bTQM/BM; iQ i?2 biM/`/ #b2b Q7 I[1, 3]X
h?2Q`2Kb RXkX9 M/ RXkX8 ?QH/ HbQ mM/2` i?Bb /2}MBiBQMX q2 +M T`Qp2 i?2K KQ`2 +QM@
+Bb2Hv #v 7Q+mbBM; QM BM/2+QKTQb#H2 `2T`2b2MiiBQMb Q7 i?2 +QKKmiiBp2 H//2` CL(bf)X
aBM+2 h?2Q`2K RXkX8 Bb  ;2M2`HBx2/ bii2K2Mi Q7 h?2Q`2K RXkX9- r2 T`Qp2 QMHv h?2Q@
`2K RXkX8X G2i mb `2T`Q/m+2 ?2`2 h?2Q`2K RXkX8X
h?2Q`2K RXkX8 U(kR- h?2Q`2K 9Xe)VX A7  +Q``2bTQM/2M+2 F Bb ?QKQHQ;B+HHv +QMbBbi2Mi-
 +Q``2bTQM/2M+2 G Bb ?QKQHQ;B+HHv +QKTH2i2- M/ G ⊂ F - i?2M F∗ M/ G∗ `2 r2HH@
/2}M2/ M/ G∗ = F∗X
S`QQ7X G2i pF∗ : HF → HX- qF∗ : HF → HY - pG∗ : HG → HX- M/ qG∗ : HG → HY #2
TT`QT`Bi2 KQ`T?BbKb BM/m+2/ #v +MQMB+H T`QD2+iBQMb Q7 X×Y X h?2 bbmKTiBQMb BM@





















#2  /B`2+i bmKKM/ Q7 i?2 `2T`2b2MiiBQM U9XRVX "v i?2 /2}MBiBQM Q7 BM/2+QKTQb#H2
/2+QKTQbBiBQM- i?2 T`QT2`iB2b Q7 i?2 KQ`T?BbKb Q7 i?2 iQiH `2T`2b2MiiBQM `2 BM?2`Bi2/
#v i?2 KQ`T?BbKb BM Bib /B`2+i bmKKM/X 6B`bi- i?2 KQ`T?BbKb r1 M/ r3 b?QmH/ #2
BbQKQ`T?B+X a2+QM/- i?2 ?QKQHQ;B+H +QMbBbi2M+v qF∗ (Ker pF∗ ) = 0 BM?2`Bib q2(Ker p2) = 0-








*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
/Q2b MQi vB2H/ I[2, 3]X aBKBH`Hv- i?2 ?QKQHQ;B+H +QKTH2i2M2bb Q7 G BKTHB2b i?i i?2
BMi2`pH I[1, 1] /Q2b MQi TT2` BM i?2 HQr2` bB/2X
qBi? i?2b2 i?`22 T`QT2`iB2b BM KBM/- H2i mb HQQF i i?2 mbHM/2`Ĝ_2Bi2M [mBp2` Q7 i?2
+QKKmiiBp2 H//2` CL(bf) U6B;m`2 kXRVX >2`2 r2 mb2 Bi Dmbi b  HBbi Q7 BM/2+QKTQb#H2
`2T`2b2MiiBQMb Q7 CL(bf)X h?2 i?`22 T`QT2`iB2b `2/m+2 i?2 MmK#2` Q7 +M/B/i2b Q7
BM/2+QKTQb#H2b 7`QK jy iQ eX 6B`bi- bBM+2 r1 M/ r3 `2 BbQKQ`T?BbKb- i?2 /BK2MbBQMb
Q7 i?2 H27i U`B;?iV mTT2` M/ H27i U`B;?i- `2bT2+iBp2HvV HQr2` p2+iQ`b b?QmH/ #2 i?2 bK2X
h?2`27Q`2- 7`QK H27i iQ `B;?i BM 6B;m`2 kXR- i?2 BM/2+QKTQb#H2b 100000- 001000- 111000- 111100- 111001- 011000-
110
000- 000001- 000100- 110111- 011111- 010111- 010110- 000111- 010011- 010121- 000011- M/ 000110 +MMQi TT2`X a2+QM/- bBM+2 i?2
BMi2`pH I[2, 3] b?QmH/ MQi TT2` BM i?2 mTT2` bB/2- 011001 M/ 011011 +MMQi TT2`X JQ`2Qp2`-
b TQ`i`v2/ BM .B;`K UkX9V- i?2 mTT2` bB/2 Q7 121111 Bb i?2 /B`2+i bmK Q7 I[1, 2] M/ I[2, 3]-
?2M+2 i?Bb +MMQi TT2` 2Bi?2`X 6BMHHv- bBM+2 i?2 BMi2`pH I[1, 1] b?QmH/ MQi TT2` BM
i?2 HQr2` bB/2- 100100- 111101 M/ 110100 +MMQi TT2`X
1p2MimHHv- i?2 BM/2+QKTQb#H2b Q7 .B;`K U9XRV +M QMHv #2 i?2 Qi?2` `2KBMBM; bBt















7Q` bQK2 mi ∈ Z≥0X h?2 mTT2` bB/2 M/ HQr2` bB/2 Q7 i?2 bBt ivT2b Q7 BM/2+QKTQb#H2b
`2 BMi2`pH `2T`2b2MiiBQMb- i?2`27Q`2 i?Bb /2+QKTQbBiBQM Bb HbQ i?2 /2+QKTQbBiBQM 7Q`
2+? bB/2Ƕb A3(bf) ivT2 `2T`2b2MiiBQMbX aBM+2 i?2 BM/m+2/ KTb `2 /2}M2/ #v iFBM;
I[1, 3] = 111- M/ i?2 2H2K2Mib BM HX M/ HY +Q``2bTQM/BM; iQ 111111 `2 i?2 bK2 7Q`
2+? bB/2- i?2 BM/m+2/ KTb `2 i?2 bK2 7Q` 2+? bB/2X
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb
h?2 #BHBiv iQ /2+QKTQb2 M/ 7Q+mb 2t+HmbBp2Hv QM i?2 BMi2`pH `2T`2b2MiiBQM I[1, 3] T`Q@
pB/2b MQi?2` T2`bT2+iBp2 7Q` MHvbBb Q7 /Bb+`2i2 /vMKB+H bvbi2Kb #v mbBM; 2B;2MbT+2
7mM+iQ`b (R9)X h?2 TT2` (R9) +QMbB/2`b S`Q#H2K RXkXe rBi? i?2 //BiBQMH bbmKTiBQM
i?i X = Y BM Q`/2` iQ MHvx2 bKTH2/ /Bb+`2i2 /vMKB+H bvbi2KbX G2i mb `2T`Q/m+2
?2`2 i?2 T`Q#H2KX
S`Q#H2K RXkXeX G2i f : X → Y #2  +QMiBMmQmb KT 7Q` X, Y ⊂ RnX A7 X- Y - M/ f
`2 mMFMQrM- M/ r2 FMQr QMHv  bKTH2/ KT f!S : S → f(S) r?B+? Bb  `2bi`B+iBQM Q7
f QM  }MBi2 bm#b2i S ⊂ X- i?2M +M r2 `2i`B2p2 Mv BM7Q`KiBQM #Qmi i?2 ?QKQHQ;v
BM/m+2/ KT f∗ : HX → HY \
LQi2 i?i i?2 bKTHBM; S Bb  TQBMi +HQm/ +Tim`BM; iQTQHQ;B+H 72im`2b Q7 X r?2M S
Bb bm{+B2MiHv /2Mb2X
9e
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb
h?Bb b2+iBQM T`2b2Mib +QMbi`m+iBQM Q7 M TT`Q+? BK2/ i //`2bbBM; i?Bb T`Q#H2KX
q2 2tTHBM ?Qr iQ +QMbi`m+i i?2 T2`bBbi2Mi ?QKQHQ;v Q7  bKTH2/ KT- r?B+? +Tim`2b
i?2 ;2M2`iQ` Q7 HX M/ Hf(X) +QMM2+i2/ #v f X h?2 b2imT Bb HKQbi B/2MiB+H iQ i?i
7Q` i?2 TT2` (R9)- mMiBH KFBM; i?2 7QHHQrBM; ?QKQHQ;v b2[m2M+2 U9XkVX
9XkXRX H;Q`Bi?K
6B`bi- r2 ;2M2`i2  }Hi`iBQM Q7 bBKTHB+BH +QKTH2t2b
C1 ⊂ C2 ⊂ · · · ⊂ Cn,
2+? bBKTH2t Q7 r?B+? ?b 2H2K2Mib Q7 S b Bib p2`iB+2b- bQ i?i i?2 }Hi`iBQM +M +Tim`2
i?2 iQTQHQ;v Q7 i?2 mM/2`HvBM; bT+2 XX 6Q` 2tKTH2- Ì2+? +QKTH2t2b Q` oB2iQ`BbĜ
_BTb +QKTH2t2b BM .2}MBiBQM kXkXR `2 pBH#H2X aBKBH`Hv- r2 ;2M2`i2  }Hi`iBQM Q7
bBKTHB+BH +QKTH2t2b
D1 ⊂ D2 ⊂ · · · ⊂ Dn
7Q` f(S)X
Hi?Qm;? r2 2tT2+i i?2 bKTH2/ KT iQ /2`Bp2  bBKTHB+BH KT Ci → Di QM 2+?
i@i? }Hi2` iQ MHvx2 T2`bBbi2M+2 Q7 i?2 Q`B;BMH KT f - BM ;2M2`H- i?2v +M /2`Bp2 QMHv 
bBKTHB+BH T`iBH KTR κi : Ci ! DiX q`BiBM; i?2 /QKBM Q7 κi b domκi- i?Bb b2[m2M+2
Q7 i?2 T`iBH KTb +M #2 `2;`/2/ b  b2[m2M+2 {Ci ιi←↩ domκi κ
′
i→ Di } Q7 TB`b Q7 KTb
(ιi,κ′i)X h?Bb b2[m2M+2 Q7 TB`b +QMbiBimi2b  }Hi`iBQM BM/m+2/ #v i?2 BM+HmbBQM KTb Q7
i?2 }Hi`iBQM
XXX XXX XXX
κi+1 : Ci+1 domκi+1 Di+1









TTHvBM; i?2 ?QKQHQ;v 7mM+iQ` iQ i?2 b2[m2M+2- r2 Q#iBM  b2[m2M+2 Q7 `2T`2b2MiiBQMb
R +Q``2bTQM/2M+2 F 7`QK X iQ Y Bb T`iBH KT B7 F (x) Bb  bBM;H2iQM Q` 2KTiv b2i 7Q` HH x ∈ X-
r?2`2 F (x) := { y ∈ Y | (x, y) ∈ F }X
9d
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
Q7 i?2 A3(bf) ivT2 [mBp2` b
XXX XXX XXX
κi+1∗ : HCi+1 H domκi+1 HDi+1









>2`2- /2+QKTQbBM; 2+? }Hi2` (HCi ← H domκi → HDi) b  `2T`2b2MiiBQM- i?Bb











S`QD2+iBM; iQ I[1, 3] ;BM vB2H/b  b2[m2M+2 Q7 bm#`2T`2b2MiiBQMb
Λ[1, 3] : I[1, 3]m11,3 → I[1, 3]m21,3 → · · ·→ I[1, 3]mn1,3 .
q2 Kmbi #2 +`27mH BM i?2 +QMbi`m+iBQM Q7 Λ[1, 3]X q2 r`Bi2 +MQMB+H T`QD2+iBQMb M/




I[b, d]mib,d → I[1, 3]mi1,3
















h?2M- i?2 KQ`T?BbKb BM Λ[1, 3]
Φi
1:3
1:3 : I[1, 3]m
i




1:3 := πi+1 ◦ Φi ◦ ιi,
r?B+? Bb i?2 bm#Ki`Bt i (1:3, 1:3) BM  #HQ+F Ki`Bt 7Q`K Q7 ΦiX
93
9XkX S2`bBbi2M+2 MHvbBb 7Q` aKTH2/ JTb
i  ;HM+2- i?Bb +QMbi`m+iBQM b22Kb Mim`H- #mi ǳπ : Λ→ Λ[1, 3]Ǵ Bb MQi  KQ`T?BbK












/Q2b MQi Hrvb +QKKmi2X *QMb2[m2MiHv- i?2 +?QB+2 Q7 BbQKQ`T?BbK Q7 BM/2+QKTQb#H2
/2+QKTQbBiBQM QM 2+? }Hi2` (HCi ← H domκi → HDi) KB;?i KF2  /Bz2`2M+2 BM i?2
QmiTmi T2`bBbi2M+2 KQ/mH2- r?B+? r2 rBHH +QMbi`m+i Hi2` U.B;`K U9XjVVX AM Q`/2` iQ
KF2 b2Mb2 Q7 i?Bb MHvbBb- i?2 QmiTmi T2`bBbi2M+2 KQ/mH2 b?QmH/ #2 mMB[m2Hv /2i2`KBM2/
M/ BM/2T2M/2Mi Q7 i?2 +?QB+2 Q7 BbQKQ`T?BbKX h?Bb /2i2`KBMiBQM Bb ;m`Mi22/ #v i?2
7QHHQrBM; h?2Q`2K 9XkXjX























S`QQ7X G2i i?2 +Q``2bTQM/BM; b+H` Ki`Bt bvK#QHb Q7 Φ M/ Ψ #2M M/N `2bT2+iBp2HvX



















#mi QMHv I[1, 3] +M #2 i?2 +M/B/i2 7Q` BMi2`pH I[a, b]X _2+HHBM; ;BM i?i I[a, b] ̸"
I[c, d] Bb 2[mBpH2Mi iQ (c:d, a:b) = ∅- r2 +M +?2+F i?Bb HBKBiiBQM #v i?2 7+i i?i HH i?2
`B;?i HQr2` #HQ+Fb Q7 i?2 #HQ+F Ki`Bt 7Q`K Q7 CL(bf) UT`2b2Mi2/ BM 1tKTH2 jXkXkV `2



















*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
G2KK 9XkXkX G2i Φ : ⊕1≤b≤d≤3 I[b, d]m1b,d → ⊕1≤b≤d≤3 I[b, d]m2b,d #2 i?2 #HQ+F Ki`Bt
7Q`K Q7 M BbQKQ`T?BbK- i?2M Φ1:31:3 Bb M BbQKQ`T?BbKX






M/ i?2 H27i@?M/ bB/2 Bb i?2 #HQ+F (1:3, 1:3) Q7 i?2 B/2MiBiv KT- r?B+? Bb i?2 B/2MiBiv
KT QM I[1, 3]m11,3 X aBKBH`Hv- Φ1:31:3Ψ1:31:3 Bb M B/2MiBiv KT QM I[1, 3]m
2
1,3 - ?2M+2 Bi 7QHHQrb
i?i Φ1:31:3 Bb BbQKQ`T?B+X
h?2Q`2K 9XkXjX h?2 BbQKQ`T?BbK +Hbb Q7
Φi
1:3
1:3 : I[1, 3]m
i
1,3 → I[1, 3]mi+11,3





































"v G2KK 9XkXk- R1:31:3 M/ C1:31:3 `2 BbQKQ`T?BbKb- ?2M+2 Φi1:31:3 Bb BbQKQ`T?B+ iQ Ψi1:31:3X
aBM+2 `2;`/BM; I[1, 3] = (K idK← K idK→ K) b K QKBib MQ BM7Q`KiBQM- i?2 b2[m2M+2
Λ[1, 3] +M #2 b22M b  b2[m2M+2 Q7 p2+iQ` bT+2b
Km
1
1,3 → Km21,3 → · · ·→ Kmn1,3 , U9XjV
r?B+? Bb M An ivT2 `2T`2b2MiiBQMX q2 +HH i?Bb `2T`2b2MiiBQM T2`bBbi2Mi ?QKQHQ;v Q7 i?2
bKTH2/ KT f!SX .2+QKTQbBM; BMiQ BMi2`pHb- r2 +M /`r  T2`bBbi2M+2 /B;`K- r?B+?
b?Qrb mb i?2 H2M;i? Q7 i?2 ;2M2`iQ`b Q7 ?QKQHQ;v BM #Qi? }Hi`iBQMb r?B+? `2 bbB;M2/
#v f X aBKmHiM2QmbHv- r2 ?p2 +QMbi`m+i2/ i?2 }Hi`iBQM Q7 +QKTH2t2b TT`QtBKiBM;
i?2 mMFMQrM bT+2b X M/ f(X)X
h?Bb T2`bBbi2M+2 /B;`K T`QpB/2b MQ BM7Q`KiBQM #Qmi 2B;2Mp2+iQ`b- mMHBF2 2`HB2`
`2b2`+? (R9)X >Qr2p2`- Bi +M #2 TTHB2/ rB/2HvX 6B`bi- bBM+2 Qm` K2i?Q/ /Q2b MQi mb2 i?2
8y
9XjX ai#BHBiv MHvbBb
2B;2MbT+2 7mM+iQ`- r2 M22/ MQi `2[mB`2 #Qi? bB/2bǶ bT+2b iQ #2 i?2 bK2X h?2`27Q`2-
2p2M BM i?2 +b2 Q7 bKTH2/ /vMKB+H bvbi2Kb X = Y HBF2 i?2 2`HB2` `2b2`+?- r2
+M r2F2M i?2 bbmKTiBQM f!S : S → S iQ f!S : S → f(S) M/ iF2 MQi?2` }Hi`iBQM
QM f(S)X UA7 f(S) Bb MQi bm{+B2MiHv /2Mb2 7Q` bKTHBM; X- i?2M r2 +M iF2 S ∪ f(S)
BMbi2/XV JQ`2Qp2`- bBM+2 i?2 T`2pBQmb K2i?Q/ M22/b iQ b2i M 2B;2MpHm2 #27Q`2 MHvbBb-
i?2v ?p2 iQ T`2/B+i bQK2 #2?pBQ` Q7 f BM /pM+2X "v +QMi`bi- Qm` K2i?Q/ M22/b MQ
T`BQ` BM7Q`KiBQMX
9XjX ai#BHBiv MHvbBb
6Q`  iQQH BM iQTQHQ;B+H /i MHvbBb iQ #2 `2;`/2/ b T`+iB+H- i?2 QmiTmi T2`bBbi2M+2
/B;`Kb b?QmH/ #2?p2 +QMiBMmQmbHv iQr`/ BMTmi /iX am+?  T`QT2`iv Bb FMQrM b 
bi#BHBiv i?2Q`2K (Ry- 3)X +imHHv- i?2 T`QT2`iv ?b #22M T`Qp2/ 7Q` T2`bBbi2M+2 KQ/mH2b
QM RX
G2i vect #2 i?2 +i2;Q`v Q7 }MBi2 /BK2MbBQMH p2+iQ` bT+2b- R #2 i?2 TQb2i +i2;Q`v Q7
`2H MmK#2`bkX M Q#D2+i Q7 i?2 7mM+iQ` +i2;Q`v vectR Bb HbQ +HH2/  T2`bBbi2M+2 KQ/mH2
BM bQK2 TT2`bX hQ /BbiBM;mBb? Bi 7`QK Qm` /2}MBiBQM- r2 +HH i?Bb M R@T2`bBbi2M+2
KQ/mH2X
aT2+B}+HHv- 7Q` M R@T2`bBbi2M+2 KQ/mH2 M - r2 bbB;M  p2+iQ` bT+2 Mt 7Q` t ∈ R
M/  HBM2` KT ϕM(s, t) : Ms →Mt 7Q` s ≤ t ∈ R- r?2`2
ϕM(t, t) = idMt M/ ϕM(s, t) ◦ ϕM(r, s) = ϕM(r, t)
7Q` HH r ≤ s ≤ t ∈ RX q2 /2bB;Mi2 i?2 HBM2` KTb ϕM(s, t) i`MbBiBQM KTbX 
KQ`T?BbK f : M → N Q7 R@T2`bBbi2M+2 KQ/mH2b Bb  Mim`H i`Mb7Q`KiBQM,  +QHH2+iBQM







7Q` HH s ≤ t ∈ RX
Ai Bb MQi2rQ`i?v i?i 2p2`v T2`bBbi2M+2 KQ/mH2 +M #2 bBKBH`Hv `2;`/2/ b  7mM+iQ`
7`QK  }MBi2 TQb2i +i2;Q`v iQ vectX JQ`2Qp2`- 2p2`v T2`bBbi2Mi ?QKQHQ;v UkXjV +M #2
2K#2//2/ BMiQ M R@T2`bBbi2M+2 KQ/mH2X
h?2 7mM/K2MiH Q#D2+ib Q7 R@T2`bBbi2M+2 KQ/mH2b `2 BMi2`pH KQ/mH2b KI 7Q` BM@
i2`pHb I ⊂ R- ;Bp2M b (KI)t = K 7Q` t ∈ I M/ (KI)t = 0 Qi?2`rBb2- M/ rBi? i?2
KQ`T?BbK +Q``2bTQM/BM; iQ s ≤ t ∈ I Bb M B/2MiBiv KTX b Bb i?2 +b2 rBi? T2`bBbi2Mi
?QKQHQ;v- 2p2`v R@T2`bBbi2M+2 KQ/mH2 +M #2 /2+QKTQb2/ BMiQ  /B`2+i bmK Q7 BMi2`pH
KQ/mH2b (RR)X
q2 +M /2}M2  /BbiM+2 #2ir22M R@T2`bBbi2M+2 KQ/mH2b- +HH2/ i?2 BMi2`H2pBM; /Bb@
iM+2X
k6Q` x, y ∈ R-  KQ`T?BbK x→ y mMB[m2Hv 2tBbib B7 M/ QMHv B7 x ≤ yX
8R
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
.2}MBiBQM 9XjXRX 6Q` δ ≥ 0- /2}M2 i?2 7mM+iQ` (·)(δ) : vectR → vectR- +HH2/ i?2 b?B7i
7mM+iQ`- b 7QHHQrbX 6Q` M R@T2`bBbi2M+2 KQ/mH2 M - M(δ)t := Mt+δ M/ ϕM(δ)(s, t) :=
ϕM(s+ δ, t+ δ)X 6Q`  KQ`T?BbK f BM vectR- f(δ) := ft+δX
.2}MBiBQM 9XjXkX 6Q` M R@T2`bBbi2M+2 KQ/mH2M M/ δ ≥ 0- i?2 δ@i`MbBiBQM KQ`T?BbK
ϕM(δ) : M →M(δ) Bb /2}M2/ b ϕM(δ)t := ϕM(t, t+ δ)X
.2}MBiBQM 9XjXjX R@T2`bBbi2M+2 KQ/mH2b M M/ N `2 bB/ iQ #2 δ@BMi2`H2p2/ B7 i?2`2
2tBbi KQ`T?BbKb f : M → N(δ) M/ g : N →M(δ) bm+? i?i
g(δ) ◦ f = ϕM(2δ) M/ f(δ) ◦ g = ϕN(2δ).
h?2 BMi2`H2pBM; /BbiM+2 dI : vectR × vectR → [0,∞] Bb /2}M2/ b
dI(M,N) := inf
δ
{M M/ N `2 δ@BMi2`H2p2/ } .
M Q7i2M mb2/ /BbiM+2 #2ir22M T2`bBbi2M+2 /B;`Kb Bb i?2 #QiiH2M2+F /BbiM+2- r?B+?
Bb /2}M2/ #v #BD2+iBQMb #2ir22M i?2KX Ai Bb r2HH@FMQrM i?i i?2 BMi2`H2pBM; /BbiM+2
Q7 R@T2`bBbi2M+2 KQ/mH2b Bb 2[mH iQ i?2 #QiiH2M2+F /BbiM+2 Q7 i?2B` T2`bBbi2M+2 /B@
;`Kb (kj- j)X *QMb2[m2MiHv- #v b?QrBM; i?i  /BbiM+2 #2ir22M BMTmi /i Bb ;`2i2`
i?M i?2 BMi2`H2pBM; /BbiM+2 Q7 i?2B` R@T2`bBbi2M+2 KQ/mH2- r2 +M T`Qp2 i?2 bi#BHBiv
Q7 i?2 T2`bBbi2M+2 /B;`Kb iQr`/ BMTmi /iX
AM MHQ;v rBi? i?2 TT2` Q7 2B;2MbT+2 7mM+iQ`b (R9)- bi#BHBiv i?2Q`2Kb 7Q` bQK2
}Hi`iBQMb HbQ ?QH/ QM Qm` MHvbBb b 7QHHQrbX h?2 /Bb+`2i2 b2iiBM; /Bb+mbb2/ BM am#b2+@
iBQM 9XkXR Bb bm{+B2Mi 7Q` BKTH2K2MiiBQM- #mi r2 2ti2M/ Bi iQ  +QMiBMmQmb MHvbBb iQ
T`Qp2 Bib bi#BHBivX
LQr r2 mb2 i?2 7QHHQrBM; }Hi`iBQMb 7Q` S M/ f(S)X G2i dRn×Rn #2  /BbiM+2 QM
Rn × Rn /2}M2/ b
dRn×Rn((x1, y1), (x2, y2)) := max{dRn(x1, x2), dRn(y1, y2)},
r?2`2 dRn Bb i?2 1m+HB/2M K2i`B+ QM RnX 6Q`  bm#b2i B Q7 Rn- r2 /2}M2  7mM+iBQM
dB : Rn → R≥0 iQ #2 BM}KmK /BbiM+2 iQ  TQBMi BM BX aBKBH`Hv- r2 #mb2 i?2 bK2
bvK#QH M/ /2}M2 i?2 7mM+iBQM dB : Rn × Rn → R≥0 7Q`  bm#b2i B Q7 MQi?2` bT+2
Rn × RnX q2 mb2 i?2 MQiiBQM Br := d−1B [0, r] iQ /2MQi2 i?2 bm#H2p2H b2ibX
G2i Top(bf) #2 i?2 7mM+iQ` +i2;Q`v 7`QK i?2 A3(bf) ivT2 [mBp2` (· ← · → ·) b 
TQb2i +i2;Q`v iQ i?2 +i2;Q`v Q7 iQTQHQ;B+H bT+2bX h?2 bm#H2p2H b2ib Sr- f(S)r- M/
Gr(f!S)r +QMbiBimi2 i?2 }Hi`iBQM {Sr ← Gr(f!S)r → f(S)r } BM Top(bf) rBi? KQ`T?BbKb




7Q` 2p2`v s ≤ r ∈ R≥0X
8k
9XjX ai#BHBiv MHvbBb
AM i?2 bK2 rv b i?i 7Q` i?2 /Bb+`2i2 MHvbBb- TTHvBM; i?2 ?QKQHQ;v 7mM+iQ`
H iQ i?2 }Hi`iBQM T`Q/m+2b {HSr ← H Gr(f!S)r → Hf(S)r }- r?B+? Bb  7KBHv Q7
Q#D2+ib BM i?2 `2T`2b2MiiBQM +i2;Q`v rep(A3(bf)) rBi? i?2 BM/m+2/ KQ`T?BbKb 7`QK
.B;`K U9X9VX
_2K`FX q2 ?p2 +QMbi`m+i2/ i?2 /Bz2`2Mi `2T`2b2MiiBQMb 7`QK i?2 T`2pBQmb `2T`2@
b2MiiBQMb mbBM; +QKTH2t2b M/ /QKBMb- #mi i?2b2 `2 BbQKQ`T?B+ B7 r2 /QTi Ì2+?
+QKTH2t2bX Ai Bb FMQrM #v i?2 L2`p2 G2KK (9) i?i- B7 B Bb  }MBi2 bm#b2i BM  K2i`B+
bT+2- i?2M i?2 bm#H2p2H b2i Br Bb ?QKQiQTv 2[mBpH2Mi iQ i?2 Ì2+? +QKTH2t Q7 B rBi?
`/Bmb rX h?2`27Q`2- H2iiBM; Cr- Er- M/ Dr #2 Ì2+? +QKTH2t2b rBi? `/Bmb r Q7 i?2
}MBi2 bm#b2ib S- Gr(f!S)- M/ f(S) `2bT2+iBp2Hv- i?Bb 7KBHv Bb BbQKQ`T?B+ iQ i?2 7KBHv
{HCr ← HEr → HDr }X JQ`2Qp2`- i?2 S`QD2+iBQM G2KK (R9- TX RkjR) b?Qrb i?i i?Bb
7KBHv Bb BbQKQ`T?B+ iQ i?2 7KBHv {HCr ← H domκr → HDr }X
aBM+2 /2+QKTQbBM; 2p2`v `2T`2b2MiiBQM BMiQ BMi2`pHb Bb BbQKQ`T?B+ BM i?2 7mM+iQ`
+i2;Q`v rep(A3(bf))R- i?2 7KBHv {HSr ← H Gr(f!S)r → Hf(S)r } Bb BbQKQ`T?B+ iQ
{⊕1≤b≤d≤3 I[b, d]mrb,d }- M/ i?2 BM/m+2/ KQ`T?BbKb +M #2 r`Bii2M BM #HQ+F Ki`Bt 7Q`K
;BMX
"v G2KK 9XkXR M/ h?2Q`2K 9XkXj- i?2 7KBHv { I[1, 3]mr1,3 } M/ i?2 BM/m+2/ KQ`@
T?BbKb `2 mMB[m2Hv /2i2`KBM2/ mT iQ BbQKQ`T?BbKX h?Bb ;Bp2b mb i?`22 +QTB2b Q7 i?2 R@
T2`bBbi2M+2 KQ/mH2 {Kmr1,3 = Kmr1,3 = Kmr1,3 }X h?mb- r2 Q#iBM M R@T2`bBbi2M+2 KQ/@
mH2 {Kmr1,3 }X q2 /2MQi2 i?Bb R@T2`bBbi2M+2 KQ/mH2 Q7 i?2 bKTH2/ KT f!S b M f!S
M/ +HH Bi i?2 R@T2`bBbi2M+2 KQ/mH2 Q7 i?2 bKTH2/ KTX
h?2Q`2K 9XjX9X G2i dH #2  >mb/Q`z /BbiM+2 BM/m+2/ #v dRn×Rn X 6Q` irQ bKTH2/






S`QQ7X G2i ε := dH(Gr(h),Gr(h′))- M/ r #2 M `#Bi``v MQM@M2;iBp2 `2H MmK#2`X
"v i?2 /2}MBiBQM Q7 >mb/Q`z /BbiM+2- Gr(h)r ⊂ Gr(h′)r+ε M/ Gr(h′)r ⊂ Gr(h)r+εX
JQ`2Qp2`- ε = dH(Gr(h),Gr(h′)) BKTHB2b i?i dH(S, S ′) ≤ ε M/ dH(h(S), h′(S ′)) ≤ ε-
?2M+2 Sr ⊂ S ′r+ε- S ′r ⊂ Sr+ε- h(S)r ⊂ h′(S ′)r+ε- M/ h′(S ′)r ⊂ h(S)r+ε b r2HHX h?2b2









"v i?i 7mM+iQ`BHBiv- Bi Bb bi`B;?i7Q`r`/ i?i i?2b2 BM+HmbBQMb BM/m+2 ε@BMi2`H2pBM;
KQ`T?BbKb #2ir22M Mh M/ Mh′ X
8j
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
++Q`/BM;Hv- i?2 Q#iBM2/ T2`bBbi2M+2 KQ/mH2b M/ T2`bBbi2M+2 /B;`Kb +M QMHv ?p2
b Km+? MQBb2 b S Q` Bib 2pHmiBQM #v f X
9X9X .Bb+mbbBQM
9X9XRX :`B/ 6BHi`iBQM
AM a2+iBQM 9Xj- r2 Q#b2`p2/ i?i i?2 H;Q`Bi?Kb /Bb+mbb2/ BM am#b2+iBQM 9XkXR `2 T@
THB+#H2 iQ i?2 }Hi`iBQMb ;2M2`i2/ #v 2tTM/BM;  ;`T?X h?Bb T2`bT2+iBp2 T`QpB/2b
 T2`bBbi2Mi TT`Q+? iQ +Q``2bTQM/2M+2b Q7 bKTH2/ KTb +QMbi`m+i2/ #v /BpB/BM; i?2
bT+2 (kR)X
amTTQb2 i?2 bT+2b X M/ Y `2 2K#2//2/ BMiQ 1m+HB/2M bT+2 Rn- M/ #Qi? Rn `2
/BpB/2/ #v n@/BK2MbBQMH ε@+m#2b
{ [a1ε, (a1 + 1)ε]× · · ·× [anε, (an + 1)ε] | a1, . . . , an ∈ Z } .
hQ /BbiBM;mBb? i?2 irQ /BpBbBQMb- r2 r`Bi2 i?Bb b2i b X 7Q` i?2 X bB/2 1m+HB/2M bT+2
M/ Y 7Q` Y bB/2X G2i f!S #2  bKTH2/ KT Q7  +QMiBMmQmb KT f : X → Y - M/ p M/
q #2 i?2 +MQMB+H T`QD2+iBQMb Q7 Rn × Rn iQ i?2 X@bB/2 M/ Y @bB/2 1m+HB/2M bT+2b
`2bT2+iBp2HvX 6B`bi- r2 ;2M2`i2  +Q``2bTQM/2M+2
F f!Sε := { (x, y) ∈ Rn × Rn | x ∈ ∃X ′ ∈ X , y ∈ ∃Y ′ ∈ Y , (X ′ × Y ′) ∩Gr(f!S) ̸= ∅ }
r?2`2 Gr(f!S) := { (s, f(s)) | s ∈ S }X
AM i?Bb b2imT- r2 mb2 i?2 L∞ K2i`B+ d∞((xi), (yi)) := maxi(|xi − yi|) 7Q` #Qi? bT+2b
Rn M/ Rn × RnX .2}MBM; i?2 }Hi`iBQM Q7  +Q``2bTQM/2M+2
Fiε := (F
f!S
ε )iε = { r ∈ Rn × Rn | d∞(r, F f!Sε ) ≤ iε } (i ∈ Z≥0)







i?2`2#v HHQrBM; mb iQ Q#iBM i?2 }Hi`iBQMb { p(Fiε) } M/ { q(Fiε) }- +Tim`BM; i?2 T2`bBb@
i2Mi iQTQHQ;B+H 72im`2b X M/ f(X)X ;BM- i?2 ?QKQHQ;v 7mM+iQ` /2`Bp2b i?2 b2[m2M+2
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9X9X .Bb+mbbBQM
Q7 KQ`T?BbKb BM rep(A3(bf))X h?2`27Q`2- r2 +M 2t2+mi2 i?2 bK2 MHvbBb b #27Q`2-
i`Mb7Q`KBM; Bi BMiQ #HQ+F Ki`Bt 7Q`K- `2bi`B+iBM; iQ i?2 #HQ+Fb (1:3, 1:3)- B/2MiB7vBM;
Bi rBi?  `2T`2b2MiiBQM Q7 i?2 [mBp2` An- M/ +QMb2[m2MiHv T`Q/m+BM;  T2`bBbi2M+2
/B;`KX
h?Bb K2i?Q/ Q7 MHvbBb ?b i?2 7QHHQrBM; bi#BHBivX q2 `2K`F i?i i?2 QmiTmi T2`@




0 r < 0
Fiε iε ≤ r < (i+ 1)ε 7Q` i ∈ Z≥0
.
h?2Q`2K 9X9XRX G2i dH #2  >mb/Q`z /BbiM+2 BM/m+2/ #v d∞X 6Q` irQ bKTH2/
KTb h : S → Rn M/ h′ : S ′ → Rn- H2i {Fiε } M/ {F ′iε } #2 i?2 `2bT2+iBp2 }Hi`iBQMb
Q7 +Q``2bTQM/2M+2b- M/ H2i Mh M/ Mh′ #2 i?2B` QmiTmi R@T2`bBbi2M+2 KQ/mH2bX A7
dH(Gr(h),Gr(h′)) ≤ ε- i?2M dI(Mh,Mh′) ≤ εX
S`QQ7X h?2 bbmKTiBQM dH(Gr(h),Gr(h′)) ≤ ε /2`Bp2b i?2 BM2[mHBiv dH(F hε , F h′ε ) ≤ εX















Ai Bb +H2` i?i i?2b2 BM+HmbBQMb BM/m+2 i?2 ε@BMi2`H2pBM; KQ`T?BbKb #2ir22M Mh M/
Mh
′ X
9X9XkX 6mM+iQ`BHBiv 7Q` Pi?2` AMi2`pHb M/ P`B2MiiBQMb
h?2 7mM+iQ`BHBiv H2KK- G2KK 9XkXR- +M #2 ;2M2`HBx2/ 7Q` i?2 `2bi`B+iBQM iQ 2p2`v
ǳ/B;QMHǴ #HQ+FX S`2+Bb2Hv- bBM+2 i?2 +M/B/i2 Q7 BMi2`pHb I[c, d] biBb7vBM; `2HiBQMb






?QH/b 7Q` HH I[a, b]X h?Bb `2bmHi +M #2 +?2+F2/ 2bBHv- MQi QMHv QM i?2 Q`B2MiiBQM bf #mi
HbQ QM 2p2`v Q`B2MiiBQM Q7 Mv H2M;i?- b 7QHHQrbX
amTTQb2 I[c, d] ̸= I[a, b]- r?B+? +M ?TT2M r?2M a ̸= c Q` r?2M b ̸= dX AM i?2 +b2
i?i a ̸= c- r2 Kv bbmK2 a < c rBi?Qmi HQbb Q7 ;2M2`HBivX q?2M (c− 1)@i? Q`B2MiiBQM
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*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
Bb f - +QMbB/2` g = { gi }ni=1 ∈ Hom(I[a, b], I[c, d])X h?2M- i?2 +QKKmiiBp2 /B;`K Q7 i?2






Ai Bb Q#pBQmb i?i gc−1 = 0- M/ i?2 +QKKmiiBpBiv /2`Bp2b gc = 0X "v i?2 bK2 /Bb+mbbBQM
BM i?2 T`QQ7 Q7 G2KK jXRXj- i?2 +QKKmiiBpBiv Q7 i?2 /B;`K QM g /2`Bp2b gi = 0 7Q` i?2
Qi?2` p2`iB+2b i- BX2X- g = 0X *QMb2[m2MiHv- Hom(I[a, b], I[c, d]) = 0- ?2M+2 I[a, b] ̸" I[c, d]X







aBKBH` `;mK2Mib HbQ ?QH/ BM i?2 +b2 i?i b ̸= d- +QM+Hm/BM; I[a, b] ̸" I[c, d] Q` I[c, d] ̸"
I[a, b]X
























7Q` HH 1 ≤ a ≤ b ≤ nX
h?Bb T`QT2`iv +M #2 miBHBx2/ 7Q` k@. T2`bBbi2M+2 KQ/mH2b- r?B+? `2 `2T`2b2MiiBQMb
rBi? i?2 b?T2
Mn1,1 Mn1,2 · · · Mn1,n2
XXX XXX XXX
M2,1 M2,2 · · · M2,n2




r?2`2 2p2`v `Qr ?b i?2 bK2 Q`B2MiiBQM τn2 X h?2 k@. T2`bBbi2M+2 KQ/mH2b bQK2iBK2b
TT2` M/ +mb2 /B{+mHiB2b BM i?2 +QMi2ti Q7 T2`bBbi2M+2 MHvbBb 7Q` iBK2 b2`B2b /iX
a22 (d) 7Q` /2iBHb M/ ?B;?2` /BK2MbBQMH T2`bBbi2M+2X
AM Qm` +QMi2ti- i?2 k@. T2`bBbi2M+2 KQ/mH2 Mim`HHv TT2`b r?2M r2 +QMbB/2` Bi2`@
iBQMb Q7  bKTH2/ KT Q` +QKTQbBiBQMb Q7 bKTH2/ KTbX amTTQb2 r2 ?p2  iBK2 b2`B2b
Q7 bQK2 TQBMi +HQm/b {S1, S2, . . . , ST } BM i?2 bK2 1m+HB/2M bT+2- rBi? i?2B` i`MbBiBQM
b KTb { fi : Si → Si+1 }X q2 ;2M2`i2  }Hi`iBQM Q7 bBKTHB+BH +QKTH2t2b Ct1 ⊂ · · · ⊂ Ctn
7Q` 2+? StX b b?QrM BM am#b2+iBQM 9XkXR- i?2 KTb #2ir22M TQBMib BM/m+2  }Hi`iBQM
Q7 T`iBH KTb κti : Cti ! Ct+1i - r?B+? BM/m+2b  +QKKmiiBp2 /B;`K










i · · · CTi
XXX XXX XXX XXX
U9XeV
#v iFBM; i?2B` /QKBMbX b  +QMb2[m2M+2- i?2 ?QKQHQ;v 7mM+iQ` BM/m+2b i?2 k@.
T2`bBbi2M+2 KQ/mH2 7`QK i?2 #Qp2 /B;`KX AM i?Bb +b2- r2 +M Q#b2`p2 i?2 k@.
T2`bBbi2M+2 KQ/mH2 7`QK i?2 pB2rTQBMi i?i i?2 ?Q`BxQMiH Up2`iB+HV /B`2+iBQM QM i?2
/B;`K /2b+`B#2b T2`bBbi2M+2 BM iBK2 UbT+2- `2bT2+iBp2HvVX
G2i mb ;Q #+F iQ .B;`K U9X8VX AM i?2 bK2 rv b BM i?2 bT2+B}+ +b2 τn2 = bf -
.B;`K U9X8V +M #2 `2;`/2/ b  b2[m2M+2 Q7 KQ`T?BbKb BM i?2 +i2;Q`v rep(An2(τn2))X
"v /2+QKTQbBM; `2T`2b2MiiBQMb Q7 An2(τn2) BM 2+? `Qr- r2 +M /2H rBi? i?2 KQ`T?BbKb
b Ki`B+2b BM #HQ+F Ki`Bt 7Q`KX _2bi`B+iBM; 2+? Ki`Bt iQ i?2 /B;QMH #HQ+F (a:b, a:b)
/2`Bp2b  b2[m2M+2 Q7 Ki`B+2b r?Qb2 /QKBMb M/ +Q/QKBMb `2 /B`2+i bmKb Q7 I[a, b]X
b i?Bb b2[m2M+2 +QKT`Bb2b b−a +QTB2b Q7 MQMx2`Q `2T`2b2MiiBQMb Q7 An1 M/ n2−(b−a)
+QTB2b Q7 x2`Q `2T`2b2MiiBQMb- r2 +M iF2 QM2 Q7 i?2 MQMx2`Q `2T`2b2MiiBQMbX 6BMHHv-
r2 Q#iBM i?2 T2`bBbi2M+2 /B;`K #v /2+QKTQbBiBQMX S`QTQbBiBQM 9X9Xk 2Mbm`2b i?2
mMB[m2M2bb Q7 i?2 QmiTmi T2`bBbi2M+2 /B;`KX
AM i?2 +b2 Q7 k@. T2`bBbi2M+2 KQ/mH2b /2`Bp2/ 7`QK .B;`K U9XeV- r?2M r2 iF2 i?2
#HQ+F (a:b, a:b) b (1:n2, 1:n2)- 2+? ;2M2`iQ` Q7 i?2 QmiTmi T2`bBbi2M+2 KQ/mH2 bm`pBp2b
mM/2` HH i`MbBiBQMb- M/ Bib HB72iBK2 BM i?2 T2`bBbi2M+2 /B;`K b?Qrb ?Qr `Q#mbi Bi Bb
BM i?2 1m+HB/2M bT+2X Hi?Qm;? i?Bb T`Q+2bb B;MQ`2b Km+? BM7Q`KiBQM biQ`2/ BM i?2
Qi?2` #HQ+Fb- Bi Bb M TT`Q+? iQ k@. T2`bBbi2M+2 MHvbBb i?i +M +Tim`2 i?2 `Qm;?
iQTQHQ;B+H bi`m+im`2bX
8d
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib
h?2 mi?Q` ?b BKTH2K2Mi2/ i?2 H;Q`Bi?K BM am#b2+iBQM 9XkXR mbBM; i?2 *YY HM;m;2X
>2`2 r2 }t i?2 }2H/ 7Q` i?2 +Q2{+B2Mi Q7 Ki`B+2b M/ i?2 ?QKQHQ;v 7mM+iQ` b Z/1009ZX
_2K`FX hQ BKTH2K2Mi i?2 H;Q`Bi?K QM +QKTmi2`b- r2 Kmbi mb2 }MBi2 }2H/b b i?2
+Q2{+B2MiX >2`2- 2p2`v KT Bb r`Bii2M b  Ki`BtX A7 r2 +?QQb2 i?2 }2H/ Z/2Z b
i?2 +Q2{+B2Mi- i?2M 2p2`v 2Mi`v rBi? i?2 T`BK2 7+iQ` 2 BM i?2 Ki`Bt Bb `2;`/2/ b
0X 6Q` 2tKTH2-  ?QKQHQ;v ;2M2`iQ` a KTT2/ b f∗(a) = 2a- bm+? b i?2 2tKTH2
/Bb+mbb2/ Hi2` M/ BM 6B;m`2 9Xk- Bb B;MQ`2/X h?2`27Q`2- Bi Bb #2ii2` iQ +?QQb2  H`;2`
T`BK2 MmK#2` p b i?2 +Q2{+B2Mi Z/pZ iQ `2i`B2p2 KQ`2 ;2M2`iQ`bX
h?2 BKTH2K2MiiBQM mb2b oB2iQ`BbĜ_BTb +QKTH2t2b 7Q` bBKTHB+Biv- Hi?Qm;? Ì2+? +QK@
TH2t2b `2 i?2Q`2iB+HHv KQ`2 biBb7vBM; b K2MiBQM2/ BM am#b2+iBQM kXkXRX 1t+2Ti 7Q`
i?2 +QMbi`m+iBQM Q7 i?2 T2`bBbi2M+2 KQ/mH2 7`QK i?2 b2[m2M+2 Q7 i?2 TB`b Q7 i?2 KTb
{ (ιi∗,κ′i∗) }- Bi #bB+HHv 7QHHQrb i?2 H;Q`Bi?K BM (R9)X
6B`bi- r2 ;2M2`i2 i?2 #QmM/`v Ki`Bt BM/m+2/ #v i?2 }Hi`iBQM Q7 i?2 oB2iQ`BbĜ_BTb
+QKTH2t2b 7Q` 2+? TQBMi +HQm/b S M/ f(S)c i?2M r2 ;2M2`i2 i?2 #QmM/`v Ki`Bt
Q7 i?2 /QKBM }Hi`iBQMX h?2b2 #QmM/`v Ki`B+2b `2 biQ`2/ b bT`b2 Ki`B+2b Q7 i?2
1B;2M HB#``v (jy)- M/ r2 mb2 i?2 Q`B;BMH T2`bBbi2M+2 H;Q`Bi?K (Rj) iQ +QKTmi2 i?2
`2/m+2/ #QmM/`v Ki`B+2b M/ i?2 #b2b Q7 i?2 T2`bBbi2Mi ?QKQHQ;v Q7 i?2 }Hi`iBQMX
a2+QM/- bBM+2 r2 +M Q#iBM i?2 ?QKQHQ;v #b2b 7Q` 2+? }Hi`iBQM- r2 ;2M2`i2 i?2
KTb ιi∗ M/ κ′i∗ b Ki`B+2b #2ir22M i?2 ?QKQHQ;v #bBb 7Q` 2+? }Hi2`X AM i?2 bK2
rv- r2 +QKTmi2 i?2 BM/m+2/ KTb Q7 i?2 BM+HmbBQMb j∗ : H domκi → H domκi+1 b
Ki`B+2bX hQ Q#iBM i?2 #bBb Q7 I[1, 3] 7Q` 2+? Ki`Bt ιi∗ M/ κ′i∗- r2 2t2+mi2 i?2
7QHHQrBM; 2H2K2Mi`v `Qr M/ +QHmKM QT2`iBQMbX







r?2`2 P1 M/ Q1 `2bT2+iBp2Hv /2MQi2 `2;mH` Ki`B+2b +Q``2bTQM/BM; iQ 2H2K2Mi`v
QT2`iBQMb- M/ r?2`2 r1 Bb i?2 `MF Q7 ιi∗X
kX aBM+2 ιi∗ M/ κ′i∗ b?`2 i?2 bK2 #bBb 7Q` i?2 +QHmKMb- i?2 2H2K2Mi`v +QHmKM






r?2`2 X1 Bb i?2 bm#Ki`Bt QM i?2 #bBb Q7 +QHmKMb +Q``2bTQM/BM; iQ i?2 #Qp2
Er1 - M/ r?2`2 X2 Bb i?2 bm#Ki`Bt +Q``2bTQM/BM; iQ i?2 0 +QHmKMb BM P1ιi∗Q1X
jX h`Mb7Q`K X2 iQ aKBi? MQ`KH 7Q`K rBi? 2H2K2Mi`v `Qr QT2`iBQMb P2 M/ 2H2@











9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib
r?2`2 P2X1 Bb /BpB/2/ BMiQ bm#Ki`B+2b Q7 TT`QT`Bi2 bBx2b QM i?2 `B;?i@?M/ bB/2X
q2 `2K`F i?i i?2b2 +QHmKM QT2`iBQMb ?p2 MQ bB/2 2z2+i QM i?2 ιi∗ bB/2 Ki`Bt
bBM+2 2p2`v +QHmKM +Q``2bTQM/BM; iQ i?2 #bBb Bb x2`QX









>2`2 i?2 +QHmKM QT2`iBQMb ?p2  bB/2 2z2+i QM Er1 i`Mb7Q`KBM; Bi iQ  Ki`Bt
X4- #mi X4 Bb `2;mH`- ?2M+2 r2 +M i`Mb7Q`K Bi iQ Er1 ;BM mbBM; QMHv `Qr
QT2`iBQMbX
eX 6BMHHv- r2 Q#iBM i?2 Ki`Bt i`Mb7Q`KiBQMb
ιi∗ 5→
[
Er3 0 0 0
0 Er3−r1 0 0
]
M/ κ′i∗ 5→
⎡⎣ 0 0 Er2 0Er3 0 0 0
0 0 0 0
⎤⎦ ,
r?B+? `2 /2+QKTQb2/ BMiQ BMi2`pHbX h?2 `Qrb M/ +QHmKMb +Q``2bTQM/BM; iQ irQ
Er3 `2 TB`b Q7 B/2MiBiv KTb- r?B+? `2 I[1, 3]X h?2`27Q`2 i?2 #bBb BM +QHmKM Er3
Bb r?i r2 rMiX
TTHvBM; i?2 +?M;2 Q7 #bBb Q7 H domκi /m`BM; i?2 #Qp2 +QHmKM QT2`iBQMb M/
`2bi`B+iBM; iQ i?2 #bBb +Q``2bTQM/BM; iQ Er3 - r2 }MHHv Q#iBM i?2 T2`bBbi2Mi ?QKQHQ;v
Q7 i?2 bKTH2/ KTX i Hbi r2 /2+QKTQb2 i?2 T2`bBbi2Mi ?QKQHQ;v BMiQ BMi2`pHb mbBM;
i?2 /2+QKTQbBiBQM H;Q`Bi?K BM (R9- am#b2+iBQM jX9) M/ THQi  T2`bBbi2M+2 /B;`KX
b M 2tKTH2 7Q` BMTmi /i- H2i mb +QMbB/2` i?2 irB+2 KT QM i?2 mMBi +B`+H2 f : S1 →
S1 /2}M2/ #v f(z) := z2X h?2 bKTH2/ TQBMib Q7 i?2 mMBi +B`+H2 `2 Ryy TQBMib zj :=
cos(2π j100) +
√−1 sin(2π j100) 7Q` 0 ≤ j < 100- rBi? //2/ :mbbBM MQBb2 rBi? σ ∈
[0.00, 0.30]X
 +QKTmiiBQMH `2bmHi Bb T`2b2Mi2/ BM 6B;m`2 9Xk- r?B+? TQ`i`vb i?2 bKTH2/ KT i
σ = 0.18 M/ Bib mMB[m2 ;2M2`iQ` Q7 i?2 T2`bBbi2M+2 /B;`KX h?2 ;2M2`iQ` Bb BM/22/
TT`QtBKiBM; i?2 mMBi +B`+H2- M/ r2 +M b22 i?i Bib BK;2 Bb im`MBM; `QmM/ i?2 Q`B;BM
irB+2X _2bmHib 7Q` Qi?2` MQBb2b `2 b?QrM BM 6B;m`2 9XjX
6B;m`2 9X9 T`2b2Mib i?2 T2`bBbi2M+2 /B;`Kb mM/2` +?M;BM; σ 7`QK 0 iQ 0.3X b
2tT2+i2/- i?2 HB72iBK2 Q7 i?2 mMB[m2 ;2M2`iQ` /2+`2b2b b i?2 MQBb2 ;2ib bi`QM;2`X
8N
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
6B;m`2 9XkX,  +QKTmiiBQMH `2bmHi 7Q` f(z) = z2X h?2 MmK#2` Q7 TQBMib Bb 100 M/ i?2
:mbbBM MQBb2 Bb i σ = 0.18X h?2 #H+F TQBMib `2 bKTH2/ TQBMib 7Q` i?2
/QKBM M/ i?2 #Hm2 +`Qbb2b `2 Bib BK;2 #v f X b T`2b2Mi2/ BM 6B;m`2 9X9-
i?2 ;2M2`iQ` Q7 i?2 T2`bBbi2M+2 /B;`K Q7 i?2b2 TQBMib Bb mMB[m2- r?B+? Bb
/2b+`B#2/ #v i?2 #H+F 2/;2b TT`QtBKiBM; i?2 mMBi +B`+H2X h?2 BK;2 Q7
i?2 ;2M2`iQ` Bb i?2 #Hm2 /b?2/ 2/;2b- M/ r2 +M Q#b2`p2 i?i Bi im`Mb
`QmM/ i?2 Q`B;BM irB+2X
ey
9X8X AKTH2K2MiiBQM M/ LmK2`B+H 1tT2`BK2Mib
6B;m`2 9XjX, *QKTmiiBQMH `2bmHib 7Q` f(z) = z2 rBi? Ryy TQBMib i σ = 0.00- 0.09-
0.18- M/ 0.30X 1p2`v THQiiBM; `M;2 Bb `2bi`B+i2/ iQ [−1.5, 1.5]× [−1.5, 1.5]
iQ Q#b2`p2 i?2 ;2M2`iQ`bX h?2 +Q``2bTQM/BM; T2`bBbi2M+2 /B;`Kb `2 BM
6B;m`2 9X9X
eR
*?Ti2` 9X h?2 S2`bBbi2Mi >QKQHQ;v Q7  aKTH2/ JT
6B;m`2 9X9X, h?2 T2`bBbi2M+2 /B;`Kb 7Q` f(z) = z2 rBi? Ryy TQBMib i σ = 0.00- 0.09-
0.18- M/ 0.30X q2 +M Q#b2`p2 i?i 2+? T2`bBbi2M+2 /B;`K ?b i?2 mMB[m2
TQBMi- M/ Bi ;Q2b iQ i?2 /B;QMH HBM2 b i?2 MQBb2 ;2ib bi`QM;2`X
ek
TT2M/Bt X
hQTQHQ;B+H .i MHvbBb QM :`MmH`
Ji2`BHb
h?Bb TT2M/Bt Bb  bmKK`v Q7 i?2 Ki?2KiB+H T`i Q7 i?2 TT2`,
(ke) JX a/i7`- >X hF2m+?B- oX _Q#BMb- LX 6`M+QBb- M/ uX >B`QF- SQ`2 *QM};@
m`iBQM GM/b+T2 Q7 :`MmH` *`vbiHHBxiBQM- LiX *QKKmMX 3 UkyRdV- 15082X
h?Bb TT2` /2KQMbi`i2b i?2 mb#BHBiv Q7 T2`bBbi2Mi ?QKQHQ;v iQ BMp2biB;i2 +QM};m`@
iBQMb Q7 +pBiB2b BM ;`MmH` Ki2`BHb mbBM; T2`bBbi2Mi ?QKQHQ;vX h?2 BK Q7 i?Bb T@
T2M/Bt Bb iQ mM/2`biM/ r?v iQTQHQ;B+H MHvbBb Q7 /27Q`KiBQMb Q7 TQBMi +HQm/b- r?B+?
rb  KQiBpiBQM 7Q` #Qi? *?Ti2`b j M/ 9- Bb BKTQ`iMi M/ M22/2/ 7Q` 2tT2`BK2MiH
/i MHvbBbX
XRX S2`bBbi2M+2 .B;`Kb Q7 :`MmH` S+FBM;b
:`MmH` T+FBM;b `2 T?2MQK2M r?B+? 7`2[m2MiHv TT2` BM Mim`2 M/ BM/mbi`BH
}2H/b- i?2`27Q`2 Bi Bb BKTQ`iMi iQ bim/v i?2B` bi`m+im`2 M/ #2?pBQ`bX b  bBKTH2bi
KQ/2H Q7 ;`MmH` T+FBM;b- bT?2`2 T+FBM;b ?p2 #22M bim/B2/- r?B+? `2 +Hmbi2`b Q7
KQMQbBx2/ bT?2`2b BM +QMiBM2`bX .m2 iQ BKT`Qp2K2Mib Q7 s@`v +QKTmi2/ iQKQ;`T?v
U*hV b+Mb- r2 `2 MQr #H2 iQ /2i2+i KQ`2 ++m`i2Hv i?2 +QQ`/BMi2b Q7 i?2 +2Mi2`b
M/ i?2 `/BB Q7 bm+? bT?2`2b- M/ `2b2`+? mbBM; `2H /i Q7 bT?2`2 T+FBM;b iQ bim/v
T+FBM; /2MbBiv- T?vbB+H T`QT2`iv- M/ ;2QK2i`B+H bi`m+im`2 Q7 i?2 bT?2`2 +QM};m`iBQMb
?b #2;mM U7Q` 2tKTH2- b22 (Rd)VX
AM 6B;m`2 XR- r2 +M b22  `2bmHi Q7 *h b+Mb Q7 bT?2`2 T+FBM;b- r?Qb2 /i b2i
Bb pQt2H /i rBi? i?2 bBx2 Q7 2+? pQt2H ≈ 30 µmX Ai Bb FMQrM i?i HQ+H +`vbiHHBx2/
bi`m+im`2b TT2` i  /2MbBiv #2vQM/ φ ≈ 0.64 Ub22 (Rd)V- ?2M+2 i?2 T+FBM; BM 6B;m`2 XR
+QMbBbib Q7 KQ`T?Qmb bi`m+im`2 M/ +`vbiHHBx2/ bi`m+im`2- +HH2/  T`iBHHv +`vbiHHBx2/
T+FBM;X 6`QK i?Bb pQt2H /i- r2 ?p2 +QKTmi2/ i?2 +2Mi2` M/ i?2 /BK2i2` 7Q` 2+?
bT?2`2X
h?2 /BK2i2`b Q7 bT?2`2b `2 1mm rBi? TQHv@/BbT2`bBiv = 0.025mm UMK2Hv- i?2
rB/i? Q7 i?2 /Bbi`B#miBQM Q7 ;`BM /BK2i2`b Bb 0.05mmV- M/ i?2 /2MbBiv Bb /2}M2/ b
i?2 iQiH pQHmK2 Q7 bT?2`2b /BpB/2/ #v i?2 pQHmK2 Q7 +vHBM/2`RX
Rh?2 ?2B;?i Q7 i?2 +vHBM/2` Bb /2}M2/ b i?2 mTT2` bm`7+2 Q7 i?2 bT?2`2bX
ej
TT2M/Bt X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb
6B;m`2 XRX, j. `2M/2`BM; Q7 2tT2`BK2MiH T+FBM;b BM  +vHBM/`B+H +QMiBM2` rBi? 
/BK2i2` M/ ?2B;?i Q7 66mmX h?2 MmK#2` Q7 bT?2`2b Bb kRe-dkk M/
i?2 /2MbBiv Bb yXeNX *h b+Mb 2M#H2 mb iQ Q#b2`p2 i?2 BMM2` bi`m+im`2 Q7
;`MmH` Ki2`BHb- M/ r2 +M BM/22/ Q#b2`p2 i?2 +`vbiHHBx2/ bi`m+im`2 M/
KQ`T?Qmb bi`m+im`2X Uh?Bb };m`2 Bb bm#};m`2 Q7 ǳj. `2M/2`BM; Q7 bT?2`B+H
M/ +vHBM/`B+H 2tT2`BK2MiH T+FBM;bǴ #v JX a/i7` 2i HX ?iiTb,ff
rrrXMim`2X+QKf`iB+H2bfM+QKKbR8y3kf7B;m`2bfR- mb2/ mM/2` ** "u
9Xy ?iiTb,ff+`2iBp2+QKKQMbXQ`;fHB+2Mb2bf#vf9XyfXV
*QMb2[m2MiHv- r2 ?p2 Q#iBM2/  TQBMi +HQm/- r?2`2 2+? TQBMi ?b ǳr2B;?iǴ- BX2X
i?2 `/BmbX G2i { (xi, ri) } #2 i?2 /i b2i Q7 i?2 +2Mi2`b xi M/ i?2 `/BB riX h?2M- i?2
T+FBM; bii2 +M #2 2tT`2bb2/ b X = ⋃iB(xi; ri)- r?2`2 B(xi; ri) Bb i?2 #HH Q7 +2Mi2`
xi M/ `/Bmb riX M Q7i2M mb2/ +QMbi`m+iBQM Q7  }Hi`iBQM 7`QK bm+?  TQBMi +HQm/ rBi?
r2B;?i Bb i?2 2tTMbBQM Q7 #HHb rBi? i?2 7QHHQrBM; T`K2i2`X
q2 BMi`Q/m+2 QM2 T`K2i2` α ∈ R- M/ /2}M2 ri(α) :=
√
r2i + α M/ X(α) :=⋃
iB(xi; ri(α))X 6Q` M BM+`2bBM; b2[m2M+2 0 = α1 < α2 < · · · < αn- r2 Q#iBM 
}Hi`iBQM Q7 bT+2b
X(α1) ⊂ X(α2) ⊂ · · · ⊂ X(αn).
AM i?Bb bim/v- r2 /QTi i?2 kM/ ?QKQHQ;v 7mM+iQ` H := H2(−;K) rBi? i?2 +Q2{+B2Mi
K = Z/2Z- BM Q`/2` iQ 2ti`+i i?2 +pBiv +QM};m`iBQMbX q2 i?mb Q#iBM i?2 T2`bBbi2Mi
?QKQHQ;v
HX(α1)→ HX(α2)→ · · ·→ HX(αn). UXRV
Ai Bb FMQrM i?i 2+? bT+2 X(αi) Bb ?QKQiQTv 2[mBpH2Mi iQ  r2B;?i2/ HT? +QKTH2t
Q7 i?2 +2Mi2`b (Rk)X h?2 Ur2B;?i2/V HT? +QKTH2t Bb  bBKTHB+BH +QKTH2t r?B+? Bb /2}M2/
#v .2HmMv i`BM;mHiBQM Q7 i?2 +2Mi2`b- M/ Bb pBH#H2 BM i?2 *YY HB#``v *:G (kN)X
6BMHHv- r2 /2+QKTQb2 i?2 T2`bBbi2Mi ?QKQHQ;v UXRV BMiQ BMi2`pHb






M/ THQi i?2 ?BbiQ;`K Q7 Bib T2`bBbi2M+2 /B;`K { (√αb,√αd) } BM R2X
>2`2- r2 T`2b2Mi i?2 `2bmHib +``B2/ Qmi Qp2` i?2 2MiB`2 ;`BM T+FBM;b
Ç R8y-yyy bT?2`2b rBi? i?2 /2MbBiv yXey
Ç R8e-jR8 bT?2`2b rBi? i?2 /2MbBiv yXej
Ç kRe-dkk bT?2`2b rBi? i?2 /2MbBiv yXeN
BM +vHBM/`B+H +QMiBM2`b- b r2HH b RR MQM@Qp2`HTTBM; bm#b2ib 2+? +QMiBMBM; 9-yyy
bT?2`2b- r?B+? ?p2 /2MbBiB2b `M;BM; 7`QK yX83 iQ yXdjX q2 +M b22 i?2 T2`bBbi2M+2
/B;`Kb BM 6B;m`2b Xk M/ XjX h?2 Q++m``2M+2 `i2b If Q7 i?2 ?BbiQ;`Kb `2 b+H2/
#v i?2 HQ;HQ; 7mM+iBQM f(x) = log(log(x+1)+1) iQ ?B;?HB;?i }M2 /2iBHb Q7 i?2 /B;`K-
M/ i?2M MQ`KHBx2/ HBM2`HvX
6B;m`2 Xk Bb  +QHH2+iBQM Q7 i?2 T2`bBbi2M+2 /B;`Kb Q7 i?2 /2MbBiB2b yXey- yXej- M/
yXeN- r?B+? `2 +QKTmi2/ 7`QK i?2 2MiB`2 ;`BM T+FBM;b +Q``2bTQM/BM; iQ i?2 /2MbBiB2b-
b r2HH b i?2 T2`bBbi2M+2 /B;`K Q7 i?2 /2MbBiv yXdj- r?B+? Bb +QKTmi2/ 7`QK i?2
bm#b2i Q7 i?2 ;`BM T+FBM; +Q``2bTQM/BM; iQ i?2 /2MbBivX 6B;m`2 Xj Bb  +QHH2+iBQM Q7
i?2 T2`bBbi2M+2 /B;`Kb Q7 RR bm#b2ibX
AM #Qi? };m`2b- r2 Q#b2`p2 i?i i?2 TQBMib BM i?2 T2`bBbi2M+2 /B;`Kb +QMp2`;2 iQ






2) M/ (bo, do) = (0.5
√
1
3 , 0.5)- b i?2 /2MbBiB2b
BM+`2b2X q2 +HH i?Qb2 `2b `QmM/ i?2 irQ TQBMib i?2 i2i`?2/` bTQi M/ Q+i?2/`
bTQi `2bT2+iBp2Hv- bBM+2 i?2 irQ TQBMib `2 ;2M2`i2/ #v i?2 +QM};m`iBQMb Q7  `2;mH`
i2i`?2/`QM M/ `2;mH` Q+i?2/`QM Ub22 6B;m`2 X9VX  r2HH@FMQrM 2tKTH2 Q7 i?2
/2Mb2bi bT?2`2 T+FBM;b Bb 7+2@+2Mi2`2/ +m#B+ U6**V- r?Qb2 T2`bBbi2M+2 /B;`K ?b
QMHv i?2 irQ TQBMib (bt, dt) M/ (bo, do) UrBi? KmHiBTHB+BiB2bVX h?mb- r2 `2 MQr #H2 iQ
+HbbB7v i?2 +pBiB2b mbBM; #B`i? M/ /2i? pHm2- Q` Bib HB72iBK2X
h?2 KBM /pMi;2 mbBM; T2`bBbi2Mi ?QKQHQ;v Bb i?i i?2 T2`bBbi2M+2 /B;`K Bb bi#H2
iQ i?2 TQBMi +HQm/- i?2`27Q`2 r2 +M /2}M2 [mbB@`2;mH` i2i`?2/`H M/ Q+i?2/`H
+pBiB2b- r?B+? `2 /B{+mHi iQ /2i2+i 7Q` +QMp2MiBQMH /Bb+`2i2 K2i?Q/b Ubm+? b oQ`QMQB
Q` .2HmMv K2i?Q/b (Rd)VX
XkX .27Q`KiBQM JQ/2Hb
AM i?2 T2`bBbi2M+2 /B;`Kb BM 6B;m`2 Xk- r2 +M Q#b2`p2 i?2 TQTmHi2/ `2- BM Qi?2`
rQ`/b- bB;MB}+Mi ;2QK2i`B+ bi`m+im`2bX AM Q`/2` iQ /2i2+i bm+? ;2QK2i`B+ bi`m+im`2b-
H2i mb +QMbB/2` i?2 7QHHQrBM; irQ ivT2b Q7 i2i`?2/`H /27Q`KiBQM- M/ irQ ivT2b Q7
Q+i?2/`H /27Q`KiBQM BM 6B;m`2 X9X
Ç h?2 }`bi i2i`?2/`H /27Q`KiBQM- .R- Bb i?i QM2 Q7 i?2 bT?2`2b `QHHb +`Qbb i?2
b//H2 `2 7Q`K2/ #v irQ M2B;?#Q`b- r?BH2 i?2 Qi?2` bT?2`2b biv }t2/X U6B;@
m`2 X9 #V
Ç h?2 b2+QM/ i2i`?2/`H /27Q`KiBQM- .k- Bb  bvKK2i`B+ T`Q+2bb i?i i`Mb7Q`Kb
 `2;mH` i2i`?2/`QM BMiQ  ~i b[m`2 +QM};m`iBQMX U6B;m`2 X9 #V
e8
TT2M/Bt X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb
6B;m`2 XkX, S2`bBbi2M+2 /B;`Kb Q7 bT?2`2 T+FBM;bX - #- M/ + `2 Q7 2MiB`2 bT?2`2
T+FBM;b- M/ / Bb Q7  bm#b2i +QMiBMBM; 9-yyy bT?2`2bX Uh?Bb };m`2 Bb ǳS.2
Q7 /BbQ`/2`2/- T`iBHHv Q`/2`2/ M/ ?B;?Hv Q`/2`2/ bT?2`2 T+FBM;bǴ #v
JX a/i7` 2i HX ?iiTb,ffrrrXMim`2X+QKf`iB+H2bfM+QKKbR8y3kf




6B;m`2 XjX, S2`bBbi2M+2 /B;`Kb Q7 RR bm#b2ib 2+? +QMiBMBM; 9-yyy bT?2`2bX h?2
TQBMib BM T2`bBbi2M+2 /B;`Kb +QMp2`;2 iQ i2i`?2/`H M/ Q+i?2/`H bTQib
b i?2 /2MbBiv BM+`2b2bX Uh?Bb };m`2 Bb ǳ1pQHmiBQM Q7 T2`bBbi2M+2 /B@
;`K b  7mM+iBQM Q7 T+FBM; /2MbBiv φǴ #v JX a/i7` 2i HX ?iiTb,
ffrrrXMim`2X+QKf`iB+H2bfM+QKKbR8y3kf7B;m`2bf3- mb2/ mM/2` **
"u 9Xy ?iiTb,ff+`2iBp2+QKKQMbXQ`;fHB+2Mb2bf#vf9XyfXV
ed
TT2M/Bt X hQTQHQ;B+H .i MHvbBb QM :`MmH` Ji2`BHb
Ç h?2 }`bi Q+i?2/`H /27Q`KiBQM- .j- +QMbBbib Q7 /2i+?BM; irQ TB`b Q7 bT?2`2b
bvKK2i`B+HHv r?BH2 F22TBM; i?2 Qi?2` bT?2`2b iQm+?BM; i?2B` M2B;?#Q`b- mMiBH irQ
2/;2@/D+2Mi i2i`?2/` `2 7Q`K2/X U6B;m`2 X9 +V
Ç h?2 b2+QM/ Q+i?2/`H /27Q`KiBQM- .9- Bb MHQ;Qmb iQ .RX PM2 Q7 i?2 bT?2`2b
`QHHb HQM; i?2 b//H2 `2 7Q`K2/ #v irQ M2B;?#Q`b- r?BH2 i?2 Qi?2` bT?2`2b biv
}t2/X U6B;m`2 X9 +V
6Q` 2+? /27Q`KiBQM- i?2 T2`bBbi2M+2 /B;`K +?M;2b +QMiBMmQmbHv- i?i Bb- 2+? TQBMi
BM i?2 T2`bBbi2M+2 /B;`K 7Q`Kb  +m`p2 /m`BM; i?2 /27Q`KiBQMX 6B;m`2 X9  b?Qrb
i?2b2 +m`p2b 7Q` HH /27Q`KiBQMb bmT2`BKTQb2/ QM i?2 T2`bBbi2M+2 /B;`K Q7 i?2 2MiB`2
T+FBM; rBi? i?2 /2MbBiv yXeNX
aBM+2 i?2 HQ+iBQMb Q7 i?2 +m`p2b Ki+? r2HH rBi? i?2 #QmM/`B2b Q7 i?2 TQTmHi2/ `2-
B7 r2 bbmK2 i?2 ?vTQi?2bBb i?i i?2 T2`bBbi2M+2 /B;`K Q7 i?2 T`iBHHv +`vbiHHBx2/
T+FBM; rBi? i?2 /2MbBiv yXeN +Tim`2b bQK2 bB;MB}+Mi bi`m+im`2b Q7 i?2 +`vbiHHBxiBQM
T`Q+2bb- i?2M i?2 7Qm` /27Q`KiBQM KQ/2Hb +M #2 i?Qm;?i Q7 b /QKBMMi /27Q`KiBQM
bi`m+im`2b Q7 i?2 +`vbiHHBxiBQM T`Q+2bbX
q?i Bb T`Q#H2K\
h?Bb MHvbBb Bb  bB;MB}+Mi `2bmHi- #2+mb2 T2`bBbi2M+2 /B;`Kb `2 i?2 }`bi bi#H2
K2i?Q/ i?i Bb #H2 iQ +QMiBMmQmbHv +Tim`2 i?2 +QM};m`iBQMb Q7 +pBiB2b i?MFb iQ i?2
bi#BHBiv i?2Q`2KX >Qr2p2`- bBM+2 i?Bb MHvbBb 7Q+mb2b QMHv QM i?2 T2`bBbi2M+2 /B;`Kb-
Bi /Q2b MQi +Tim`2 i?2 +imH /27Q`KiBQM Q7 i?2 BMM2` ;2QK2i`B+H bi`m+im`2bX hQ 2t2+mi2
i?2 iQTQHQ;B+H MHvbBb QM bm+? /27Q`KiBQMb- r2 M22/ iQ bim/v i?2 K2i?Q/ r?B+? +M
+HbbB7v i?2 +pBiB2b BM /27Q`KiBQMbX h?Bb Bb  KQiBpiBQM 7Q` iQTQHQ;B+H MHvbBb Q7
/27Q`KiBQMb Q7 TQBMi +HQm/b b T`2b2Mi2/ BM *?Ti2` R M/ k@. T2`bBbi2M+2 KQ/mH2b b
T`2b2Mi2/ BM am#b2+iBQM 9X9XkX
e3
XkX .27Q`KiBQM JQ/2Hb
6B;m`2 X9X, h2i`?2/`H M/ Q+i?2/`H /27Q`KiBQM b+2M`BQbX  Bb i?2 T2`bBbi2M+2
/B;`K Q7 i?2 2MiB`2 T+FBM; rBi? i?2 /2MbBiv yXeN- rBi? bmT2`BKTQb2/
+m`p2b +Q``2bTQM/BM; iQ i?2 7Qm` /27Q`KiBQM KQ/2HbX # b?Qrb i2i`@
?2/`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